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STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB1

SB1 - STATIC-BEAM

Euler-Bernoulli 1D cantilever (tip

deflection) [ pass |

Tip deflection under a transverse point load — 1-D flexural absolute check error +0.00020% - tol 1%

TECHNICAL FEATURES TESTED
elasticBeamColumn — linear-static beam element Euler—Bernoulli flexure (no shear area emitted)

Strong-axis routing $ly — sec.lz geomTransf Linear, auto vecxz [0,0,1] Nodal load & single-node fixity

PROBLEM DESCRIPTION

A prismatic cantilever of length L is fully fixed at node N1 and free at

node N2, where a downward transverse load P acts along global -Z. The tip
deflection is compared with the Euler-Bernoulli closed-form solution.
Because the static element carries no shear area, the response is pure
bending — the element should reproduce the closed form to machine
precision, independent of subdivision.

P =1 kN
ﬁ e —
St ~—ao - 5
z
t_*f | L = 3000 mm I
Figure SB1. Cantilever geometry, loading, and deflected shape (deflection exaggerated).
23 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MATERIAL LOADING & BC
Length L 3000 mm Model Elastic N1 fixed 6-DOF
Section bxh 300x500 E 26700 MPa N2 load Fz -1000 N
Area A 150000 v 0.2 Self-weight off
| strong (1) 3.125x10° Units N - mm Analysis Linear static
| weak (ly) 1.125x10°

) REFERENCE SOLUTION

Tip deflection u_z: -P*L"3/(3*E*I) -0.107865 mm
Tip rotation r_y: +P*L"2/(2*E*I) = 5.3933x10~° rad

Timoshenko & Gere, Mechanics of Materials — cantilever tip deflection under an end load (Euler-Bernoulli).

1 records/SBl.json - engine v1.0.2 (opensees.pyd)



SB1

3 RESULTS COMPARISON

RESPONSE QUANTITY
Tip deflection u_z (mm)
Tip rotation r_y (rad)
Support reaction R_z (N)

Support moment M_y (N-mm)

CONVERGENCE

MESH uz (Mm)

1 element -0.107865

B3 coNcLuSION

PROBE

N2.uz

N2.ry

N1.Fz

N1.My

DIFF

+0.00020%

STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

STRIX

-0.107865

5.3933x10~°

1000

—3X1@6

REFERENCE

-0.107865

5.3933x10-5

1000

_3x106

DIFF

+0.00020%

0.00%

0.00%

0.00%

VERDICT

PASS

PASS

PASS

PASS

The cubic Hermite shape functions of the Euler-Bernoulli element are exact

for a linearly varying moment field, so a single element already recovers the
closed form. Subdivision is { mesh-independent ' — no refinement study is
required for this benchmark.

m STRIX reproduces the reference solution to +0.00020% (tolerance 1%). The tested element and its
formulation are verified against the reference.

X3 REFERENCES & ANALYSIS FILES

1. Timoshenko, S. & Gere, J. — Mechanics of Materials. Cantilever end-load deflection & = PL3/3El.

2. STRIX headless harness: generatePyForLoadCase » python.exe - parseAll.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB1/

records/SBl.json - engine v1.0.2 (opensees.pyd)

sha256 (pending publish)



STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB2

SB2 - STATIC-MEMBRANE

NAFEMS LE1 elliptic membrane
(tangential edge stress at D) [ pass

In-plane membrane stress at a stress raiser — custom shell front-line check error -1.994% - tol 3%

TECHNICAL FEATURES TESTED
ASDShellQ4DCR — custom in-plane shell Membrane subType: PlateFromPlaneStress + PlateFiber

Drilling stabiliser + rotFloor active Gauss-point membrane stress resultants h-refinement convergence study

PROBLEM DESCRIPTION

A quarter of an elliptic annulus is loaded by a uniform outward normal
tension on its outer elliptic edge B-C, with symmetry restraints on the two
straight edges. The tangential edge stress o, at the inner point D is a
classic stress-raiser and the NAFEMS acceptance quantity. It is recovered as
the maximum principal membrane stress at the Gauss point nearest D (at D
the symmetry axis and the free inner edge make oy, a principal stress, so
the value is frame-invariant). First-order quadrilaterals approach the
reference from below, so the element is exercised over a mesh-refinement
sequence.

p = 10 MPa

y
s
D C

Figure SB2. Quarter elliptic membrane — outer arc B-C under outward tension, symmetry on the straight edges, evaluation point D.

m GEOMETRY, PROPERTIES & LOADING

GEOMETRY MATERIAL LOADING & BC

Inner semi-axes 2000 x 1000 mm Model Elastic - plane stress Outer arc B-C 10 MPa (tension)

Outer semi-axes 3250 x 2750 mm E 210000 MPa Symmetry u_x=0 (AB),

Point D 2000, @ mm v 0.3 u_y=e (CD)

Thickness t 100 mm Units N - mm Out-of-plane u_z, P_X;i;g)é
Analysis Linear static

3 records/SB2.json : engine v1.0.2 (opensees.pyd)



SB2 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

) REFERENCE SOLUTION

Tangential edge stress sigma_yy at D: sigma_yy(D) = max principal of
(N11,N22,N12)/t at the Gauss point nearest D = 92.7 MPa

NAFEMS, The Standard NAFEMS Benchmarks (Linear Elastic), Benchmark LET — elliptic membrane; reference tangential edge stress
sigma_yy = 92.7 MPa at point D.

B3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT

Tangential edge stress sigma_yy at D (MPa) mesh 96x48 90.8514 92.7 -1.994% PASS

CONVERGENCE

SIGMA_YY@D

MESH CMPA) DIFF
Bra 71.3627  -23.018%
cells
16x8 81.841  -11.714%
cells
The bilinear ASDShellQ4DCR membrane converges to the NAFEMS
iiﬂi 85.4612 -7.809% reference ( monotonically from below ' as the mesh is refined, reaching the
reference within a few percent at the finest mesh — consistent with first-
32x16 87.2674 _5.86% order quadrl!a!teral behaviour for this stress' raiser, and markfedly better than
cells a standard bilinear element. The trend confirms the custom in-plane
48x24 formulation converges to the correct continuum stress.
) 89.0642 -3.922%
cells
64x32 89.9651 -2.95%
cells
96x48 90.8514 -1.994%
cells

3 coNcLUSION

Across the refinement sequence the recovered oyy(D) rises monotonically toward the NAFEMS reference of

m 92.7 MPa, and the finest mesh lies within tolerance. The custom in-plane shell ASDShellQ4DCR is verified to
converge to the reference membrane stress.

B} REFERENCES & ANALYSIS FILES
1. NAFEMS — The Standard NAFEMS Benchmarks (Linear Elastic Tests). Benchmark LE1, elliptic membrane, oyy(D)=92A7 MPa.

2. STRIX headless harness: generatePyForLoadCase - python.exe - eleResponse(stresses).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB2/ sha256 (pending publish)

records/SB2.json - engine v1.0.2 (opensees.pyd) 4




STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB3

SB3 - STATIC-MEMBRANE

Cook's membrane (skew panel, in-plane
bending on a distorted mesh)

In-plane bending on a distorted mesh — custom membrane robustness check

error +0.2% - tol 3%

TECHNICAL FEATURES TESTED

ASDShellQ4DCR — custom in-plane shell Membrane subType (production default)

Skewed (trapezoidal) mesh — distortion test Combined in-plane bending + shear h-refinement convergence study

PROBLEM DESCRIPTION

Cook’s membrane is the standard distortion benchmark for in-plane
elements: a tapered panel is clamped on its left edge A-D and loaded by a
uniform shear traction on its right edge B-C, producing a combined
bending—shear response. A uniform mesh of the trapezoid gives skewed
(non-rectangular) elements, so how quickly the answer is recovered
measures the element’s robustness to mesh distortion. The monitored
quantity is the vertical displacement at the loaded-edge midpoint Q,
reported as the scale-independent normalized value uy-E-t/P (the

problem has no closed form; the reference is the plane-stress converged
value). The panel is modelled at real structural scale so the element’s auto
drilling stabiliser is physically negligible, as it is in production.

P (shear)

y
L.
A
Figure SB3. Cook's skew panel — clamped edge A-D, uniform shear on B-C, monitored at the loaded-edge midpoint Q.

23 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MATERIAL LOADING & BC

Corners (unit) AO,0 B48,44 Model Elastic . plane stress Shear on B-C 1x10¢ N (+Y)
48,60 Do,44 30000 MPa  Clamp u_x=u_y=0 (A-D)

Scale 100 x (mm) v 0.333333 Out-of-plane u_z, r_x, r.y

Probe Q mid edge (48,52) Units - fixed

Thickness t 200 mm Analysis Linear static

records/SB3.json -

engine v1.0.2 (opensees.pyd)



SB3 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

) REFERENCE SOLUTION

Normalized tip displacement u_Q*E*t/P (mid loaded edge): u_y(Q)*E*t/P, Q =
midpoint of loaded edge (plane stress, nu=1/3) = 23.91 norm.

Cook's membrane, a standard finite-element distortion benchmark (R.D. Cook, 1974). No closed-form solution; the reference is the
fine-mesh converged tip displacement at the loaded-edge midpoint Q, PLANE STRESS, E=1, nu=1/3, unit shear resultant: normalized

u_Q*E*t/P = 23.91 (literature band 23.90-23.96). The plane-strain counterpart is 21.52 (Sevilla et al. / locking-free FCFV report 21.42
converged); DCR walls are plane stress (membrane section), and 21.42/(1-nu”"2) ~= 23.9 confirms the plane-stress mid-edge value.

B3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
. - - .

Normalized tip displacement u_Q*E*t/P (mid loaded mesh 23.9578 23.91 +0.2% PASS

edge) (norm.) 64x64

CONVERGENCE

U_Q*E*T/P

MESH (NORM. ) DIFF

2x2 20.7346  -13.281%

cells
The bilinear ASDShellQ4DCR membrane converges to the plane-stress

4xz111 22.9927 _3.836% reference ( monotonically from below  on the distorted trapezoidal mesh,

cells reaching the reference to a fraction of a percent at the finest mesh. Even
the very coarse meshes are accurate — the enhanced-strain formulation

8x8 23.6869 0.933% o

cells : o ° recovers most of the answer where a plain bilinear element would lag badly
under this distortion. The drilling degree of freedom is essential to this

16;16 23.8831 -9.113% bending accuracy, and the auto stabiliser spring is negligible at the

cexts structural scale used, so the converged value is a property of the element,
not of the stabiliser.

32x32 23.9397 +0.124%

cells

64x64 23.9578 +0.2%

cells

3 concLusION

On Cook's distorted mesh the normalized mid-edge displacement ug-E - t/P rises monotonically toward the
plane-stress reference of 23.91 and the finest mesh lies well within tolerance, with strong coarse-mesh

m accuracy. The custom in-plane shell ASDShellQ4DCR is verified to be robust to mesh distortion in combined
in-plane bending and shear — and the drilling stabiliser is confirmed non-polluting for in-plane bending,
complementing the P3-S2 modal study.

T3 REFERENCES & ANALYSIS FILES

1. R.D. Cook (1974) — skew cantilever (“Cook’s membrane”), the standard mesh-distortion benchmark. No closed-form solution.
2. Plane-stress reference (v=1/3, unit shear): normalized uqEt/P ~ 23.90-23.96 at the loaded-edge midpoint. Plane-strain counterpart
21.52 (Sevilla et al. / FCFV report 21.42 converged); 21.42/(1-v?) =~ 23.9 fixes the plane-stress value.

3. STRIX headless harness: generatePyForLoadCase - opensees.pyd - node_disp.out, production-default membrane wall.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB3/ sha256 (pending publish)

records/SB3.json : engine v1.0.2 (opensees.pyd) 6



STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB5

SB5 - STATIC-PLATE

Rectangular plate bending — thin plate,
uniform & central point load [ pass |

Plate bending — production ShellMITC4 slab vs Timoshenko thin-plate theory error -0.621% - tol 2%

TECHNICAL FEATURES TESTED
ShellMITC4 — production flat-plate slab element ElasticMembranePlateSection (Mindlin plate)
Simply-supported & clamped edges Uniform pressure + central point load 1:1 and 5:1 aspect ratios (8 cases)

h-refinement convergence to closed form

PROBLEM DESCRIPTION

A rectangular plate carries an out-of-plane load and its center deflection is
compared to the Timoshenko-Woinowsky thin-plate series solution.
Following CSI SAP2000 Verification Example 2-005 (geometry after
MacNeal-Harder), eight configurations are run — a square (1:1) and a 5:1
rectangular plate, each simply-supported and clamped, under a uniform
pressure and a central point load. STRIX recovers the dimensionless
deflection coefficient a = w-D/(q-a*) (uniform) orw-D/(P-a2) (point),
which is scale-invariant and compared to the published table value. The
plate is a production flat-plate slab, meshed with the exact Shel1lMITC4
+ ElasticMembranePlateSection element a real STRIX slab uses. It is
kept thin (a/t = 200) so transverse shear is negligible and this Mindlin
element converges to the thin-plate coefficient (the thick-plate regime is
covered separately). At structural scale the automatic rotational stabiliser is
negligible and is removed.

P
SS or clamped

w (center) Lol e

Figure SB5. Rectangular plate (1:1 shown; 5:1 also tested) — supported edges, uniform pressure q and central point load P,
monitored by the center deflection w.

23 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MATERIAL LOADING & BC

Width a 2000 mm Model Elastic - thin plate Uniform q 1x10-4 N/mm?
Aspects 1:1 & 5:1 E 30000 MPa Point P 100 N
Thickness t 10 mm v 0.3 Supports SS & clamped
a/t 200 Units N - mm Probe center defl. w

7 records/SB5.json - engine v1.0.2 (opensees.pyd)



SB5

STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

) REFERENCE SOLUTION

a—SS, 1:1, uniform: w = a-q-a*/D (Table 8) = 0.00406

a — SS, 1:1, point: w = a-P-a?/D (Eq.147, Table 23) = 0.0116

Timoshenko & Woinowsky-Krieger, Theory of Plates and Shells, 2nd ed. (1959): Table 8 (SS, uniform), Eq.147 & Table 23 (SS, central
point), Table 35 (clamped, uniform), Table 37 (clamped, central point), v = 0.3. The eight-case layout follows CSI SAP2000 Verification

Example 2-005 (geometry after MacNeal & Harder, 1985). STRIX recovers the scale-invariant deflection coefficient o (= w-D/(q-a*)
uniform, w-D/(P-a® point) and compares it to the published table value; a = short side.

3 RESULTS COMPARISON

RESPONSE QUANTITY

Deflection coefficient

Deflection coefficient o

Deflection coefficient a

Deflection coefficient o

Deflection coefficient o

Deflection coefficient o

Deflection coefficient a

Deflection coefficient o

CONVERGENCE

MESH ALPHA
8x40 0.00689
16x80 0.00715

24x120 0.00721

records/SB5.json - engine v1.0.2 (opensees.pyd)

PROBE STRIX REFERENCE DIFF VERDICT
SS - 1:1 - uniform 0.00406 0.00406 +0.064% PASS
SS - 5:1 - uniform 0.01294 0.01297 -0.264% PASS
Fixed - 1:1 - uniform 0.00126 0.00126 +0.336% PASS
Fixed - 5:1 - uniform 0.00259 0.0026 -0.506% PASS
SS - 1:1 - central point 0.0116 0.0116 -0.0020% PASS
SS - 5:1 - central point 0.01694 0.01695 -0.069% PASS
Fixed - 1:1 - central point 0.00559 0.0056 -0.165% PASS
Fixed - 5:1 - central point 0.00721 0.00725 -0.621% PASS

For every case the first-order MITC4 plate approaches the Timoshenko

DIFF coefficient ( monotonically from below | (a coarse mesh is slightly stiff),
_4.944% reaching the closed form to a fraction of a percent at the finest mesh —
comfortably better than the commercial verification tolerance for the same
~-1.329% problem. §7 shows the governing (worst final) case; all eight appear at the
finest mesh in §6. The plate is thin, so the residual transverse-shear of this
-0.621% Mindlin element is under 0.1%; the auto rotational stabiliser is stripped and

was measured to shift the answer by under 0.2% even when present.



STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB5

B3 concLusION

Across all eight CSI 2-005 configurations — two aspect ratios, simply-supported and clamped, uniform and
central point load — the recovered deflection coefficient matches the Timoshenko—Woinowsky thin-plate

m solution to well within tolerance, converging monotonically. The production slab element ShellMITC4 +
ElasticMembranePlateSection is verified for out-of-plane plate bending under both distributed and
concentrated load and both support conditions. Thick-plate (transverse-shear) behaviour is verified
separately against Roark.

E) REFERENCES & ANALYSIS FILES

1. S. Timoshenko & S. Woinowsky-Krieger, Theory of Plates and Shells, 2nd ed. (1959) — Tables 8, 23, 35, 37 & Eq.147 (v = 0.3); see §5.

2. CSI SAP2000 Software Verification, Example 2-005 — Rectangular Plate with Static Loads (geometry after MacNeal & Harder, 1985);
same eight-case layout, center-deflection check.

3. STRIX headless harness: production flat_plate slab - generatePyForLoadCase - opensees.pyd; ShellMITC4 +
ElasticMembranePlateSection, auto rotational stabiliser removed.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB5/ sha256 (pending publish)

9 records/SB5.json - engine v1.0.2 (opensees.pyd)



SB6 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

SB6 - STATIC-PLATE

Thick rectangular plate bending —
transverse shear, uniform load [ pass |

Thick-plate transverse shear — production ShellMITC4 slab vs exact FSDT (Mindlin) theory error -0.156% - tol 0.5%

B3 TECHNICAL FEATURES TESTED
ShellMITC4 — production flat-plate slab element ElasticMembranePlateSection (Mindlin/FSDT plate)
Transverse-shear correction k = 5/6 Hard simply-supported, uniform pressure Thickness sweep a/t = 50 > 5 (6 cases)

Exact FSDT Navier series (closed form) h-refinement convergence to closed form

B2} PROBLEM DESCRIPTION

A thick rectangular plate carries a uniform out-of-plane pressure and its
center deflection is compared to the exact first-order shear-deformation
(FSDT / Reissner-Mindlin) Navier series. This is the companion to SB5:
where SB5 keeps the plate thin (a/t = 200) so transverse shear vanishes,
SB6 makes it thick (a/t from 50 down to 5) so transverse-shear deflection
becomes a large part of the total (2-17% here) and the Mindlin element
must capture it. Following CSI SAP2000 Verification Example 2-012 (Plate
Bending with Shear Deformation; Roark & Young), six configurations are
run — a square (1:1) and a 2:1 plate, each at several thicknesses, all hard
simply-supported under uniform pressure. STRIX recovers the scale-
invariant coefficienta = w-D/(q-a*) and compares it to the series value.
The reference uses the same continuum theory the element discretizes
(FSDT with k = 5/6), so the comparison is like-for-like and near-exact; the
shear bracket [1 + D-k2/(kGh)] tends to 1 as the plate thins, recovering
the SB5 / Timoshenko value. The plate is a production flat-plate slab,
meshed with the exact ShelIMITC4 + ElasticMembranePlateSection
element a real STRIX slab uses.

g (uniform)

v v v v v

hard SS
1:1 & 2:1
a/t = 50..5

w (center)

a
W=w o+ Ww — thick plate: shear term 2%-17% here
bending shear

Figure SB6. Thick simply-supported plate (edge section) — the total center deflection w is the bending deflection (dashed mid-
surface) plus the extra transverse-shear deflection; the Mindlin cross-section rotates by the shear angle y. Monitored by the center
deflection w.

records/SB6.json : engine v1.0.2 (opensees.pyd) 10



STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

23 GEOMETRY, PROPERTIES & LOADING

GEOMETRY

Short side a 2000 mm
Aspects 1:1 & 2:1
Thickness t 40 - 400 mm
a/t 50 > 5

) REFERENCE SOLUTION

a-—1:1, a/t=5: w

a-— 1:1, a/t=10: w =

= a-q-a%/D,

3 RESULTS COMPARISON

RESPONSE QUANTITY

Deflection coefficient o

Deflection coefficient o

Deflection coefficient o

Deflection coefficient a

Deflection coefficient o

Deflection coefficient o

CONVERGENCE

MESH ALPHA
8x16 0.010312
16x32 0.010419
24x48 0.010438

11

a-q-a%/D, FSDT k=5/6 (shear 4.9%)

SB6

MATERIAL LOADING & BC
Model Elastic - Mindlin Uniform q 1x10~% N/mm?
FSDT Supports hard SS
E 30000 MPa :
Load uniform
v 0.3
Probe center defl. w
K (shear) 5/ 6

= 0.004273

FSDT k=5/6 (shear 17.2%) = 0.004904

Exact first-order shear-deformation (FSDT / Reissner-Mindlin) Navier series for a hard simply-supported rectangular plate under
uniform pressure (Wang relationship, exact for SS plates): w_mn = Q_mn/(D-k*)-[1 + D-k*%/(kGh)], k = 5/6, v = 0.3. The eight-case-style
layout and thick-plate/shear focus follow CSI SAP2000 Verification Example 2-012 (Plate Bending with Shear Deformation; Roark &
Young). STRIX recovers the scale-invariant deflection coefficient = w-D/(q-a*), a = short side; the shear bracket — 1 as a/t — oo
(recovers the SB5/Timoshenko thin-plate value) and grows with thickness.

PROBE STRIX REFERENCE DIFF VERDICT
1:1 - a/t=50 0.004068 0.004071 -0.068%  PASS
1:1 - a/t=20 0.004112 0.004115 -0.061%  PASS
1:1-a/t=10 0.004271 0.004273 -0.057%  PASS
1:1- a/t=5 0.004903 0.004904 -0.023%  PASS
2:1-a/t=10 0.010438 0.010454 -0.156%  PASS
2:1-a/t=5 0.011414 0.01143 -0.139%  Ppass

DIFF

-1.362%

-0.337%

-0.156%

For every case the first-order MITC4 plate approaches the FSDT coefficient
(a coarse mesh is slightly stiff), reaching the
closed form to well under a tenth of a percent at the finest mesh. Because

monotonically from below

the reference is the exact FSDT solution with the element’s own shear
correction (k = 5/6), the match is near-exact across the whole thin-to-
thick range — the recovered coefficient rises from the thin-plate value at
a/t = 50 to a strongly shear-amplified value at a/t = 5, tracking the
analytical shear term throughout. §7 shows the governing (worst final) case;
all six appear at the finest mesh in §6. The auto rotational stabiliser is
stripped and its measured effect here is under 0.1%.

records/SB6.json -

engine v1.0.2 (opensees.pyd)



SB6

STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

B3 concLusION

Across all six configurations — two aspect ratios and thicknesses from a/t = 50 to a very thick a/t = 5 —
the recovered deflection coefficient matches the exact FSDT (Reissner—Mindlin) Navier solution to a fraction
of a percent, converging monotonically. The production slab element ShellMITC4 +
ElasticMembranePlateSection is verified to reproduce transverse-shear plate bending with the correct
shear correction (k = 5/6) over the full thickness range — the thick-plate complement to the thin-plate SB5,
together spanning the slab bending regime a real structure spans (flat slabs, transfer plates, mat
foundations).

X3 REFERENCES & ANALYSIS FILES

1. Exact first-order shear-deformation (FSDT / Reissner-Mindlin) Navier series for a hard simply-supported plate under uniform load:

w_mn = Q_mn/(D-k*)-[1 + D-k2/(kGh)], k = 5/6, v = 0.3 (Wang relationship, exact for SS plates); see §5.

2. R.J. Roark & W. C. Young, Formulas for Stress and Strain — flat plates with shear deformation; the thick-plate/shear focus follows CSlI

SAP2000 Software Verification Example 2-012 (Plate Bending with Shear Deformation).

3. STRIX headless harness: production flat_plate slab - generatePyForLoadCase » opensees.pyd; ShellMITC4 +

ElasticMembranePlateSection (k = 5/6 confirmed to +0.06% vs FE), hard simply-support, auto rotational stabiliser removed.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB6/ sha256 (pending publish)

records/SB6.json - engine v1.0.2 (opensees.pyd)
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STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB7

SB7 - STATIC-BEAM

Simply-supported beam on a Winkler
elastic foundation (CSI 1-013)

Winkler foundation via Point Springs — center deflection & moment vs Timoshenko m

continuum error +0.000057% - tol ©.05%

EZ3 TECHNICAL FEATURES TESTED
elasticBeamColumn — Euler-Bernoulli (bending only) Point Springs (zeroLength) = Winkler foundation
k_node = k - tributary length (one per interior node) Simply supported, central point load

Deflection & moment vs exact continuum (Timoshenko)

PROBLEM DESCRIPTION

A prismatic beam spanning between a pin and a roller rests on a
continuous elastic (Winkler) foundation and carries a single point load at
midspan. The foundation reaction is proportional to the local deflection, so
the governing equation is Ely” + ky = 0 away from the load — the classic
beam-on-elastic-foundation problem with a closed-form continuum
solution. STRIX represents the distributed foundation with production
Point Springs (a vertical zeroLength spring at every interior node,
stiffness k times the nodal tributary length) and runs the ordinary linear-
static pipeline. The lumped-spring discrete model converges to the exact
continuum center deflection and moment as the mesh is refined — the
same problem, and the same independent reference, documented in CSI
SAP2000 verification example 1-013.

pin k roller

Figure SB7. Simply-supported beam on a Winkler foundation (nodal vertical springs, stiffness k) under a central point load P.

13 records/SB7.json : engine v1.0.2 (opensees.pyd)



SB7

STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

3 GEOMETRY, PROPERTIES & LOADING

records/SB7.json -

GEOMETRY MATERIAL & FOUNDATION LOADING & BC

Span L 180 in Model Elastic (Euler) Supports pin + roller

Section 36 x 36 in E 3600 ksi Load P 500 kip

Inertia | 139968 in* Subgrade 800 k/ft? Location midspan

B-L (slenderness) 1.716473 Foundation k 16.6667 kip/in? Self-weight off
Analysis Linear static

EE) REFERENCE SOLUTION
Center deflection Uz: exact continuum: EI y'''" + k y = 0, pinned-pinned,

central P (Timoshenko 1956 Prob 3 p23) = -0.089333 in

Center moment My: exact continuum center moment (sagging), Timoshenko 1956 Prob 3
p23 = 17697.995034 kip-in

CSI SAP2000 Software Verification Example 1-013 'Simply Supported Beam on Elastic Foundation; independent reference =
Timoshenko, Strength of Materials Part Il, 1956, Problem 3, p.23 (exact continuum solution of El y""' + k y = 0, pinned-pinned, central

load). Reproduced from scratch by sb7Theory() to —0.0893327 in / 17697.995 k-in, matching CSl's published —0.08933 in / 17698 k-in.

3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Center deflection Uz (in) N101.uz -0.089333 -0.089333 +0.000057% PASS
Center moment My (kip-in) E101.Miy 17697.862777 17697.995034 -0.00075% PASS
CONVERGENCE
CENTER UZ
MESH (IN) DIFF
2 elem -0.088539 +0.8881%
Unlike the exact cubic beam element, the lumped nodal foundation is a
4 elem -0.089298 +0.0393% first-order approximation of the continuous Winkler support, so the
discrete model approaches the exact continuum solution as the mesh is
8 elem -0.089331 +0.0023% . L .
refined. The center deflection is essentially converged by a few elements
20 elem -9.089333 +0.00010% per half-span; the center moment tightens monotonically toward the
reference. At the finest mesh (100 elements per half, matching the
40 elem -0.089333 +0.00010% reference discretization) STRIX reproduces both the exact continuum
100 deflection and moment to ( under @.001% # — the same independent
elem -6.089333 +0.00010% Timoshenko reference that CSI 1-013 uses.
200 -0.089333  +0.00010%
elem

engine v1.0.2 (opensees.pyd)
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STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB7

B3 concLusION

m STRIX reproduces the reference solution to +0.000057% (tolerance 0.05%). The tested element and its
formulation are verified against the reference.

E) REFERENCES & ANALYSIS FILES

1. Timoshenko, S. — Strength of Materials, Part Il. Beam on elastic foundation, Problem 3, p.23 (exact continuum solution).
2. Hetényi, M. — Beams on Elastic Foundation. University of Michigan Press, 1946. Winkler-foundation theory, El y” + ky = q.

3. CSI — SAP2000 Software Verification, Example 1-013: Simply Supported Beam on Elastic Foundation (independent reference,
Timoshenko 1956).

4. OpenSees — element zerolLength + uniaxialMaterial Elastic (nodal foundation spring); elasticBeamColumn (Euler-Bernoulli).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB7/ sha256 (pending publish)
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SB8 - MODAL-BEAM

Deep simply-supported beam — shear-
flexible (Timoshenko) natural

frequencies
ElasticTimoshenkoBeam shear deformation — deep-beam natural frequencies vs the exact m
Timoshenko continuum error +0.0175% - tol 0.05%

B3 TECHNICAL FEATURES TESTED

ElasticTimoshenkoBeam — shear-flexible modal element Rectangular shear area Avy=Avz=5/6-A (calcShearArea)
Deep beam L/h = 5 — shear term dominates Lumped mass via Loads-to-Masses (MY)
Six modes vs exact Timoshenko continuum Shear knockdown 4%—52% below Euler

) PROBLEM DESCRIPTION

STRIX emits frame members as ElasticTimoshenkoBeam on the eigenvalue
/ response-spectrum path, carrying the real shear areas (rectangular
Avy=Avz=5/6-A). Every seismic benchmark so far (SM5, SM6, SR1, SR2,
SR2b) uses that element, but all had slender members where the shear
term contributes a fraction of a percent — none verified the shear
contribution in isolation. SB8 fills that gap. A deep simply-supported beam
(span/depth L/h=5, square section so Iy=Iz and the vibration plane is
immaterial) is discretised into ElasticTimoshenkoBeam segments with
lumped translational mass injected through the production Loads-to-
Masses path (Fz=m-g, direction Y — my=m) so the lowest six modes are the
sequential horizontal bending modes. Shear deformation lowers the natural
frequencies from 4.4% (mode 1) to 52.4% (mode 6) below the Euler-
Bernoulli values, and STRIX must reproduce the shear-lowered frequencies.
Because the static path (elasticBeamColumn) is Euler and carries no shear
deformation, the feature is verified through the modal path against the
exact continuum simply-supported Timoshenko frequencies (a closed
form with no root-finding); the coarse—fine sweep demonstrates
convergence.

0 L (span/depth = 5) |

shear-flexible (Timoshenko) Euler (shear-rigid)

Figure SB8. Deep simply-supported beam (span/depth = 5) with the first bending mode. The shear-flexible (Timoshenko) shape
vibrates at a measurably lower frequency than the Euler (shear-rigid) beam — the effect grows with mode order.

records/SB8.json : engine v1.0.2 (opensees.pyd) 16



STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB8
23 GEOMETRY, PROPERTIES & LOADING
GEOMETRY SECTION & MATERIAL MASS & SOLVER
Span L 3000 mm E 30000 MPa Density 2400 kg/m3
Section 600 x 600 mm v 0.2 Injection Loads-to-Masses
(square) . 12500 MPa (M)
i 256 elem
Span / depth Shear area 5/6-A (Timoshenko) Finest mesh
Inertia | 1.08x10*° mm4 Solver scipy eigsh

) REFERENCE SOLUTION

Natural frequency f,:
Natural frequency f;:
Natural frequency f,:
Natural frequency fs:
Natural frequency fe:

3 RESULTS COMPARISON

102.149414 Hz

Natural frequency fi: f,=(1/2n)Vw.?, w,2=(EIB.*/pA)/(1+EIB.%2/KGA), B.=nm/L (SS
Timoshenko, no rotary inertia) =
w22=(EIB2*/pA)/(1+EIB22/KGA),
w3 *=(EIBs*/pA)/(1+EIB32/KGA),
ws2=(EIBs*/pA)/(1+EIB42%/KGA),
ws2=(EIBs*/pA)/(1+EIBs2/KGA),
we2=(EIBe*/pA)/(1+EIBes2/KGA),

Exact continuum reference: simply-supported Timoshenko (shear-flexible) beam with translational mass and rotary inertia excluded —
matching the production lumped translational-mass model. The SS frequencies have a closed form with no root-finding, w,? = (El-B,*/
pA)/(1 + EIB,%/kGA) with B,=ntt/L, which reduces to the exact Euler SS frequency wE,,’=El-B,*/pA in the shear-rigid limit KGA—oo.
Reproduced from scratch by sb8Theory() to the values below. The shear term lowers the frequencies by 4.4% (mode 1) to 52.4% (mode
6) below Euler, so STRIX must reproduce the shear-lowered values. Genre context: NAFEMS 'Selected Benchmarks for Natural Frequency
Analysis' (deep simply-supported beam, FV5); shear coefficient k=5/6 (Cowper 1966, rectangular); Timoshenko beam dynamics closed
forms (Timoshenko & Young; Blevins, Formulas for Natural Frequency and Mode Shape; Han, Benaroya & Wei 1999).

Bz=2n/L = 364.059185 Hz
Bs=3n/L = 706.690082 Hz
Ba=4n/L = 1078.102736 Hz
Bs=5n/L = 1455.799333 Hz
Be=6m/L = 1832.019784 Hz

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Natural frequency f; (Hz) Euler -4.4% 102.149374 102.149414 -0.000039% PASS
Natural frequency f, (Hz) Euler -14.8% 364.056715 364.059185 -0.00068% PASS
Natural frequency f; (Hz) Euler -26.5% 706.671713 706.690082 -0.0026% PASS
Natural frequency f, (Hz) Euler -37.0% 1078.037695 1078.102736 -0.0060% PASS
Natural frequency fs (Hz) Euler -45.5% 1455.638883 1455.799333 -0.011% PASS
Natural frequency fs (Hz) Euler -52.4% 1831.699745 1832.019784 -0.0175% PASS

MESH CONVERGENCE (FUNDAMENTAL FREQUENCY)

MESH Fi (HZ) DIFF
4 elem 101.8875 -0.2564%
8 elem 102.0906 -0.0576%
16 elem 102.1351 -0.014%
32 elem 102.1459 -0.0035%
64 elem 102.1486 -0.00080%
128 elem 102.1492 -0.00020%
256 elem 102.1494 0.00%

17

The ElasticTimoshenkoBeam element is exact for the shear-flexible static
beam, so the discretisation error here comes only from lumped mass: the
assembled frequencies approach the exact continuum closed form
monotonically from below as the mesh is refined. The fundamental
frequency is essentially converged by a few dozen elements; at the finest
mesh (256 elements) STRIX reproduces the exact Timoshenko continuum
(86) — and lands on
the shear-lowered values, not the Euler ones, confirming the shear-
deformation term is active and correctly sized.

frequencies to | under ©.02% across all six modes

records/SB8.json -
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SB8 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

B3 concLusION

STRIX reproduces the exact continuum simply-supported Timoshenko frequencies of a deep (L/h=5)
beam to better than 0.02% across the first six bending modes, landing on the shear-lowered values (4.4%

m to 52.4% below Euler) rather than the Euler-Bernoulli ones. This isolates and verifies the shear-deformation
term of the production ElasticTimoshenkoBeam element — the element every eigenvalue and response-
spectrum analysis relies on, whose shear contribution had until now only been exercised implicitly on slender
members. SB8 closes that gap in the modal foundation of the seismic pipeline.

B REFERENCES & ANALYSIS FILES
1. NAFEMS — Selected Benchmarks for Natural Frequency Analysis. Deep simply-supported beam (free-vibration benchmark FV5); genre
context for shear-flexible beam natural frequencies.
2. Cowper, G. R. — "The Shear Coefficient in Timoshenko's Beam Theory,” J. Applied Mechanics, 1966 (rectangular section k = 5/6).

3. Timoshenko, S. & Young, D. H. — Vibration Problems in Engineering; Blevins, R. D. — Formulas for Natural Frequency and Mode Shape;
Han, Benaroya & Wei, 1999 (closed-form Timoshenko beam frequencies).

4. OpenSees — element ElasticTimoshenkoBeam (shear-flexible 2-node beam, shear areas Avy/Avz); STRIX headless harness
buildEigenPy (Loads-to-Masses MY) - opensees.pyd (scipy eigsh); reference sb8Theory() (exact SS Timoshenko closed

form).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB8/ sha256 (pending publish)
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STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB9

SB9 - STATIC-FRAME

Rigid steel portal frame under UDL —
bending + axial deformation (CSI 1-

018) | pass_

Rigid steel portal frame under UDL — bending + axial deformation vs unit-load method error +0.0106% - tol 0.05%

TECHNICAL FEATURES TESTED
elasticBeamColumn — Euler-Bernoulli (no shear area, TclBuilder.ts:465)
endReleases (My) — pinned column-beam joints, production penalty release
Section.stiffScale — CSI-style property modification factor (area/izz) Distributed load (eleLoad -type -beamUniform)

Deflection vs unit-load / virtual-work method (Cook & Young 1985)

PROBLEM DESCRIPTION

A one-story, one-bay rigid steel bent (W8X31) carries a uniform vertical
load across its beam. The base supports and the two beam-to-column
joints are all pins, so the frame reduces to a determinate system for this
symmetric vertical load: each column behaves as a pure two-force (axial-
only) member, and the beam behaves as an ordinary simply-supported
beam under UDL. STRIX reproduces the pinned joints with production
endReleases (My = free at each column top) and isolates the bending and
axial contributions separately using Section.stiffScale — the same
"property modification factor" technique CSI SAP2000 uses in this exact
verification example. Because elasticBeamColumn carries no shear-area
term (Euler-Bernoulli only, same scope as SB1), the shear-deformation sub-
model from CSI 1-018 is out of scope; the bending-only and axial-only
STRIX runs sum to the combined-model result, matching the additive
structure of the unit-load integral itself.

N2 (pin) N4 (pin)

N5 (midspan)

z
L
N1 (pin) N3 (pin)

Figure SB9. Rigid steel portal frame: base pins (N1, N3), pinned column-beam joints (N2, N4), UDL w across the beam.

19 records/SB9.json - engine v1.0.2 (opensees.pyd)



SB9

3 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MATERIAL & SECTION LOADING & BC

Column height H 144 in E 29900 ksi Supports 4 pins (base x2,

Beam half-span Lh 144 in v 0.3 joint x2)

Full span S 288 in  AreaA 9.12 in2 Load w 6.1 kip/in

Section W8X31 Strong-axis 1z 110 in% Location full beam span
Self-weight off
Analysis Linear static

B2 REFERENCE SOLUTION

Midspan deflection Uz — combined (axial+bending): dTotal = V*H/(E*A) +

5*w*S~4/(384*E*Iz) (unit-load method, no shear term) = -69.372833 mm
Midspan deflection Uz — bending only (area x1e5): dBending = 5*w*S"4/(384*E*Iz) (simply-
supported UDL beam, midspan) = -69.179684 mm

Midspan deflection Uz — axial only (Iz x1e7): dAxial = V*H/(E*A) (pin-pin column, 2-
force member) = -0.193149 mm

CSI SAP2000 Software Verification Example 1-018 'Bending, Shear and Axial Deformations in a Rigid Frame'; independent reference =
unit-load (virtual-work) method, Cook & Young, Advanced Mechanics of Materials, 1985, p.244. STRIX omits the shear term
(elasticBeamColumn has no shear-area argument, TclBuilder.ts:465 — Euler-Bernoulli only, same scope as SB1) and re-derives the axial
+ bending terms from scratch via sb9Theory(); the result matches CSl's published in-b values (converted to N-mm) to 6 significant
figures: axial 0.0076043 vs CSI 0.00760 in, bending 2.7236096 vs CSI 2.723610 in.

B3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT

Midspan deflection Uz — combined (axial+bending)

N5.uz -69.3655 -69.372833 +0.0106% PASS
(mm)
Midspan deflection Uz — bending only (area x1e5) N5.UzZ -69.1723 —69.179684 +0.0107% PASS
(mm)
Midspan deflection Uz — axial only (Iz x1e7) (mm) N5.uz -0.193176 -0.193149 -0.0139% PASS
DEFORMATION-MODE BREAKDOWN
MODEL MIDSPAN UZ DIFE Rather than a mesh sweep (this is a single-discretization
(STIFFSCALE) (MM) determinate/closed-form problem, not a convergence study), the three
: rows isolate each deformation mode using CSl's own "property
combined (A, -69.3655  +0.0106% P e : . 5
Iz normal) modification factor" technique: bendingOnly inflates the section area x10
bendi 1 to suppress axial deformation, and axialOnly inflates the strong-axis
(znxﬂ?())n y -69.1723 +0.0107% inertia x 107 to suppress bending. All three reproduce the unit-load
reference to ( under 0.02% — the small residual comes from the

?;ia)l(cl)g))/ ~0.193176 ~0.0139% production endReleases penalty pin (a finite, not exactly-zero, release

stiffness), which is itself the real production code path being verified.

records/SB9.json - engine v1.0.2 (opensees.pyd)
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STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB9

B3 concLusION

m STRIX reproduces the reference solution to +0.0106% (tolerance 0.05%). The tested element and its
formulation are verified against the reference.

E) REFERENCES & ANALYSIS FILES

1. Cook, R. D. & Young, W. C. — Advanced Mechanics of Materials. Macmillan, 1985. Unit-load (virtual-work) method, p.244.

2. CSI — SAP2000 Software Verification, Example 1-018: Bending, Shear and Axial Deformations in a Rigid Frame (independent reference
method + property modification factors).

3. AISC — W8X31 section properties (A, Iz, ly, J).

4. OpenSees — element elasticBeamColumn (Euler-Bernoulli); STRIX endReleases (penalty pin) + Section.stiffScale.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB9/ sha256 (pending publish)
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SB10 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

SB10 - STATIC-TRUSS

Asymmetric determinate two-bar truss

(brace axial force) [ pass |

Brace axial force, apex displacement & reactions — determinate bar absolute check error 0.00% - tol 0%

TECHNICAL FEATURES TESTED
element Truss — linear (small-displacement) bar memberType brace, two-sided, no P-Delta

Orthonormal braces = K = (EA/L)-1 Statically determinate = exact closed form Axial from elem_force.out localForce

) PROBLEM DESCRIPTION

Two prismatic braces span from a free apex N3 up to two fully fixed
supports N1 and N2. A single apex point load with components along
global —=X and —Z puts both braces in tension. Because the two bar
directions are mutually orthogonal, the assembled apex stiffness is
diagonal, and the configuration is statically determinate — so the member
axial forces, the apex displacement, and the two support reactions all follow
from equilibrium and the EA/L bar law in closed form. A two-sided brace
with P-Delta off is emitted as a linear Truss, which carries no geometric
offset, so STRIX must reproduce every quantity to machine precision.

Figure SB10. Asymmetric two-bar truss: fixed supports N1, N2 and loaded free apex N3 (both braces in tension).

B3 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MATERIAL LOADING & BC

Braces 2 (E1, E2) Model Elastic N1, N2 fixed 6-DOF

Length L 5000 mm E 200000 MPa N3 load Fx -10 kN, Fz -20

Area A 1000 mm?2 v 0.3 kN

Dir (i1 (N3=N1) (-0.6, 0, 0.8) Units N - mm N3 fixity UY + rot fixed

Dir (2 (N3-N2) (0.8, @, ©.6) Self-weight off
Analysis Linear static

records/SB10.json - engine v1.0.2 (opensees.pyd) 22
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&) REFERENCE SOLUTION

Brace E1 axial N: N1 = -(Fx*ulx + Fz*ulz) = 10000 N
Brace E2 axial N: N2 = -(Fx*u2x + Fz*u2z) = 20000 N
Apex displacement u_z: uz = Fz / (E*A/L) = -0.5 mm

Statically-determinate truss closed form — joint equilibrium (method of joints) gives the member axial forces and EA/L bar stiffness
gives the apex displacement; a linear (small-displacement) bar carries no geometric offset, so every quantity is exact.

B3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Brace E1 axial N (N) E1.Ni 10000 10000 0.00% PASS
Brace E2 axial N (N) E2.Ni 20000 20000 0.00% PASS
Apex displacement u_x (mm) N3.ux -0.25 -0.25 0.00% PASS
Apex displacement u_z (mm) N3.uz -0.5 -0.5 0.00% PASS
Support N1 reaction R_x (N) N1.Fx -6000 -6000 0.00% PASS
Support N1 reaction R_z (N) N1.Fz 8000 8000 0.00% PASS
Support N2 reaction R_x (N) N2.Fx 16000 16000 0.00% PASS
Support N2 reaction R_z (N) N2.Fz 12000 12000 0.00% PASS

EXACTNESS

A statically-determinate truss needs no compatibility relations: the member

BRACE E1 N
DISCRETIZATION (N) DIFF forces follow from nodal equilibrium alone, and one linear Truss per
b member represents each bar exactly. There is nothing to refine — the
2 bars . .
(exact) 10000 0.00% response is [ discretization-exact , and every reference value is

reproduced to machine precision (0 error against a 107°% tolerance).

CONCLUSION

m STRIX reproduces the reference solution to 0.00% (tolerance 0%). The tested element and its formulation are
verified against the reference.

E) REFERENCES & ANALYSIS FILES

1. Hibbeler, R. C. — Structural Analysis. Method of joints for statically-determinate trusses; bar elongation &6 = NL/EA.
2. OpenSees — element Truss (linear, small-displacement bar).

3. STRIX headless harness: generatePyForLoadCase » python.exe - parseAll.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB10/ sha256 (pending publish)
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SB12 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

SB12 - STATIC-LINK

Elastic Link (twoNodeLink) Beta
Angle coordinate transformation —

L L o
inclined 6-DOF spring
Elastic Link (twoNodelink) Beta-Angle -orient transform — inclined 6-DOF spring vs m

independent closed form error +0.000081% - tol 0.01%

TECHNICAL FEATURES TESTED
twoNodelLink (Elastic Link) — 6 generalized DOF springs, non-coincident nodes

Beta-Angle — -orient conversion ("MIDAS convention”, TclBuilder.writeElasticLinks) — DCR-authored, never independently
checked before

Both up-vector branches exercised (near-vertical vs general member)
Anisotropic 6-DOF stiffness + general 6-component load (no symmetry to hide an axis error)

Tcl engine only — Elastic Link is absent from StaticPyBuilder

records/SB12.json - engine v1.0.2 (tcl) 24
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PROBLEM DESCRIPTION

STRIX exposes a "Beta Angle" field for Elastic Links (the MIDAS-style
member-orientation convention), converted at runtime into the -orient
vector pair OpenSees's twoNodeLink element expects. This conversion is
DCR's own code — never independently verified — unlike the element
formulation itself (stock OpenSees, trusted the same way ASDShe11Q4's
own formulation is trusted). No CSI/NAFEMS published example fits this
scope (CSl's Group 6 Link catalog is entirely dynamic/nonlinear — ramp
loading, gap, hook, damper, isolator — with no purely static linear-spring
test), so this benchmark is a self-designed closed form: a fully fixed ground
node connected to one free node by a single, inclined Elastic Link with six
distinct (anisotropic) DOF stiffnesses, loaded by a fully general 6-
component point load. Because every stiffness direction is distinct, any sign
flip, axis swap, or wrong up-vector branch in the Beta-Angle conversion
changes every displacement component — a symmetric/isotropic
transverse stiffness would hide such an error entirely, since rotating an
isotropic spring about its own axis changes nothing. Two geometry variants
exercise both branches of the up-vector selection ("near-vertical member —
up = Global X" vs "otherwise — up = Global Z"). De-risk finding: an initial
closed-form draft assumed the six directions were fully independent
springs; a controlled single-component-load experiment against the real
engine revealed a pure moment load producing a nonzero translation
response. Fetching OpenSees's own TwoNodeLink. cpp source confirmed
this is real, documented element kinematics for a non-coincident link
(shear-direction deformation includes a lever-arm term from both nodes'
rotations, located at the -shearDist fraction of the element length) — not
DCR's own code, so it was folded into the closed form rather than treated
as a defect, and the corrected closed form matches the real engine to
machine precision.

M

N2 (free, $-DOF load)
F

-
\,1“@ - -
ke\"’"‘" o
'S P
A
o e
b P (default)
- - yp (B4
-
-
-
-

Z

X
N1 r fixed 6-DOF T—>
M ) view along local x (member axis)

Figure SB12. Ground node N1 (fixed, all 6 DOF) connected to free node N2 by one inclined twoNodeLink; N2 carries a general 6-
component load. Inset: end-view along the member axis showing the default local-y axis (y0) rotated by Beta Angle B to yp — the
transform under test.

25 records/SB12.json - engine v1.0.2 (tcl)



SB12

STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

3 GEOMETRY, PROPERTIES & LOADING

GEOMETRY (2 VARIANTS)

LINK STIFFNESS (ANISOTROPIC)

LOADING & METHOD

records/SB12.json -

Ground node N1 (0, 0, 0) SDx / SDy / SDz 480000 kN/m (+ Load at 6-component
mm, fixed 2 more, N2 (Fx,Fy,Fz,Mx,My,Mz)

Oblique N2 25 ° (B) distinct) Engine Tcl (OpenSees.exe)

SR 8200 kN-m/rad

Near-vert. N2 -40 ° (B) X Reference Independent 6x6
Up-vector branches ~ Global Z & 1 13500 kN-m/rad  method congruence + Gauss
Global X SRz 19800 kN-m/rad solve

(both hit) Self- off

weight

) REFERENCE SOLUTION

Oblique Ux: u = ((C*T)~T diag(k_local) (C*T))~-1 F, T from MIDAS Beta-Angle
frame (betaDeg=25), C = TwoNodeLink shear-rotation coupling
(shearDist=0.5) = ©.152961 mm

NearVert Ux: u = ((C*T)~T diag(k_local) (C*T))~-1 F, T from MIDAS Beta-Angle frame
(betaDeg=-40), C = TwoNodeLink shear-rotation coupling (shearDist=0.5) = -0.12171 mm

Self-designed closed form (no CSI/NAFEMS published example fits — CSI Group 6 Link catalog is dynamic-only, see devplan §12.3
SB12 note). Independent reference = exact linear-algebra congruence transform K_global = (C*T)\T * diag(k_local) * (C*T), solved by
an independent Gaussian-elimination linear solve. T = blockdiag(R,R), R = MIDAS Beta-Angle local frame re-derived from scratch
(benchmarks/element/SB12_elasticLink.ts, no import from production TclBuilder code) -- this is the transform under test. C = OpenSees
TwoNodelink's own shear/rotation basic-deformation coupling (TwoNodeLink.cpp setTranLocalBasic(), confirmed against
OpenSees/OpenSees GitHub source; shearDist fixed 0.5 as DCR always emits) -- real, documented, non-DCR element physics, included
only so the closed form matches the engine, not itself under test. Not a FEM discretization/convergence problem -- exact linear algebra,
so near-machine-precision agreement with the simulated result is expected.

3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Oblique Ux (mm) N2.ux 0.152961 0.152961 +0.000081% PASS
Oblique Uy (mm) N2.uy -0.322861 -0.322861 +0.000095% PASS
Oblique Uz (mm) N2.uz 0.434406 0.434406 -0.000068% PASS
Oblique Rx (rad) N2.rx 3.5379x104 3.5379x10"4 +0.000084% PASS
Oblique Ry (rad) N2.ry -2.3792x10-4 -2.3792x10°4 -0.000020% PASS
Oblique Rz (rad) N2.rz -4.2642x10°5 -4.2642%x10"° +0.000064% PASS
NearVert Ux (mm) N2.ux -0.12171 -0.12171 +0.00027% PASS
NearVert Uy (mm) N2.uy 0.426039 0.426039 +0.000090% PASS
NearVert Uz (mm) N2.uz -0.015319 -0.01532 +0.000063% PASS
NearVert Rx (rad) N2.rx -2.9586x10~4 -2.9586x10~4 +0.00014% PASS
NearVert Ry (rad) N2.ry -2.0239%x10°5 -2.0239x10°5 -0.000049% PASS
NearVert Rz (rad) N2.rz -1.4598x10~4 -1.4598x10~4 -0.000065% PASS

engine v1.0.2 (tcl)
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STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS SB12

UP-VECTOR BRANCH COVERAGE (FREE NODE UX)

VARIANT UX (MM)

oblique
(betabeg=25) 0.152961
nearVertical

(betaDeg=-40) -6.12171

B3 concLusiON

DIFF

+0.000081%

+0.00027%

Not a mesh-convergence study — this is exact linear algebra (a 6x6
congruence transform + direct solve), not a discretized FEM problem, so
no mesh exists to refine. The two rows instead demonstrate branch
coverage: the oblique variant exercises the "otherwise — up = Global Z"
branch of the Beta-Angle convention, while the near-vertical variant
exercises the opposite "near-vertical member — up = Global X" branch —
the two mutually-exclusive code paths inside
TclBuilder.writeElasticlLinks. Both reproduce the independent
closed form to ( under @.0003% & across all twelve probed quantities (6
DOF x 2 variants), consistent with the expected near-machine-precision
agreement of an exact linear system.

m STRIX reproduces the reference solution to +0.000081% (tolerance 0.01%). The tested element and its
formulation are verified against the reference.

B3 REFERENCES & ANALYSIS FILES

1. OpenSees — TwoNodeLink element (Wiki): https://opensees.berkeley.edu/wiki/index.php/Two_Node_Link_Element

2. OpenSees — TwoNodeLink. cpp source (setTranLocalBasic()), OpenSees/OpenSees GitHub — basic-deformation shear/rotation

coupling formula.

3. MIDAS — Elastic Link (Beta Angle member-orientation convention): https://support.midasuser.com/hc/en-
us/articles/17917025888281-Elastic-Link

4. CSI — SAP2000 Analysis Verification, Group 6 (Link) catalog — surveyed and found to contain no static linear-spring example (all

dynamic/nonlinear), motivating this self-designed closed form.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SB12/ sha256 (pending publish)
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PD1 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

PD1 - STATIC-PDELTA

Tension stiffening via P-Delta analysis

Production P-Delta 2-stage static path — tension-stiffened deflection & moment vs m

Timoshenko closed form error -0.0352% - tol 0.1%

B3 TECHNICAL FEATURES TESTED
elasticBeamColumn + geomTransf PDelta (Tcl engine only) Stage 1: gravity-combo axial tension buildup (nonlinear)
Stage 2: target load case at end-of-Stage-1 tangent stiffness Same code path as production Tc1Builder P-Delta

Deflection & moment vs exact tension-stiffened beam (Timoshenko)

B} PROBLEM DESCRIPTION

A slender pin-roller tie-rod carries a small transverse uniform load together
with a large axial tension pulling the roller end. Tension measurably stiffens
the beam against the transverse load — the deflection and moment both
shrink relative to the no-tension case — the classic P-Delta tension-
stiffening problem with a closed-form solution (Timoshenko 1956). STRIX
solves this with its production P-Delta 2-stage static path (the Tcl-only
route analysisHandler forces P-Delta submissions through): Stage 1
applies the axial tension in a nonlinear gravity combination to build up the
member axial force under a geomTransf PDelta transformation; Stage 2
then solves the transverse load case at the tangent stiffness left at the end
of Stage 1. CSI SAP2000 verification example 1-016 documents exactly this
two-stage nonlinear-static method as its recommended way to solve
tension-stiffening problems — it is the only method DCR implements, so
this benchmark exercises the production code path directly, not an

alternative formulation.
W

A midpoint (probe) A

pin (fixes ux) roller

L ZL
X

Figure PD1. Simply-supported tie-rod (pin-roller, moment-free both ends) under a transverse uniform load w plus an axial tension P
pulling the roller end; midpoint deflection/moment are probed.

records/PD1.json : engine v1.0.2 (tcl) 28



STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

23 GEOMETRY, PROPERTIES & LOADING

GEOMETRY

Span L 300 in

Section 3 x 3 in
(square)

Inertia | 6.75 in*

Tension param. u 1.5

&) REFERENCE SOLUTION

My (no tension): w*L"2/8

kip-in

MATERIAL & LOADING

SUPPORTS & ANALYSIS

PD1

E 30000 ksi Supports pin + roller
Axial tension P 20.25 kip Stage 1 P-Delta gravity
Transverse w 0.002 kip/in combo
Self-weight off Stage 2 target LC, tangent K

Engine Tcl (OpenSees.exe)

Uz (no tension): -5*w*L”~4/(384*E*I)

= -1.041667 in

= 22.5 kip-in

B3 RESULTS COMPARISON

RESPONSE QUANTITY

Uz (no tension) (in)

My (no tension) (kip-in)

Uz (w/ tension) (in)

My (w/ tension) (kip-in)

PROBE

N17.uz

E17.Miy

N17.uz

E17.Miy

Uz (w/ tension): Timoshenko eq.43: (5wL”4/384EI) * [1/cosh(u) - 1 + u”*2/2] /
[(5/24)u”~4], u=sqrt(PL"2/4EI)

My (w/ tension): Timoshenko eq.45: (wL”2/8) * 2(cosh(u)-1)/(u”~2*cosh(u)) =

-0.543305 in
11.498079

CSI SAP2000 Software Verification Example 1-016 'Tension Stiffening Using P-Delta Analysis'; independent reference = Timoshenko,
Strength of Materials Part Il, 1956, eq. 23 p.28 and eqs. 43/45 p.43. Reproduced from scratch by pd1Theory() to u=1.5,
deflWithin=-0.5433047259, momentWithKin=11.4980793, matching CSl's published -0.54330 in / 11.498 k-in exactly (exact unit
conversion of the same physical problem, dimensionless u is unit-invariant).

STRIX REFERENCE DIFF VERDICT
-1.041614 -1.041667 +0.0050% PASS
22.499038 22.5 -0.0043% PASS
-0.543496 -0.543305 -0.0352% PASS
11.493667 11.498079 -0.0384% PASS

P-DELTA MESH CONVERGENCE (MIDPOINT DEFLECTION)

MESH Uz (IN) DIFF
2 elem -0.595221 -9.5555%
4 elem -0.556492 -2.4273%
8 elem -0.546602 -0.607%
16 elem -0.544118 -0.1497%
32 elem -0.543496 -0.0352%

29

The no-tension case uses the exact-for-prismatic-Euler-beam
elasticBeamColumn element and is essentially mesh-independent
(converged at any element count). The tension-stiffened case is genuinely
mesh-sensitive: OpenSees’s PDelta geometric transform is a first-order
(chord-rotation) approximation of the true hyperbolic tension-stiffened
shape, so the discrete answer converges to the closed form as elements are
added — a clean, roughly quadratic convergence is observed. At the finest
mesh STRIX reproduces the exact Timoshenko tension-stiffened deflection
and moment to [ a few hundredths of a percent , confirming both that
the P-Delta pipeline converges to the right physics and that it correctly
reduces to the plain linear-static answer when the axial tension is absent.

records/PD1.json -

engine v1.0.2 (tcl)



PD1 STRIX SOFTWARE VERIFICATION MANUAL — ELEMENT BENCHMARKS

3 concLusION

m STRIX reproduces the reference solution to —0.0352% (tolerance 0.1%). The tested element and its
formulation are verified against the reference.

KB REFERENCES & ANALYSIS FILES
1. Timoshenko, S. — Strength of Materials, Part Il. Eq. 23 p.28 (tension parameter u) and eqs. 43/45 p.43 (tension-stiffened deflection and
moment).

2. CSI — SAP2000 Software Verification, Example 1-016: Tension Stiffening Using P-Delta Analysis (independent reference, Timoshenko
1956). CSI recommends the nonlinear-static P-Delta method used here.

3. OpenSees — geomTransf PDelta (P-Delta geometric transformation); elasticBeamColumn (Euler-Bernoulli); STRIX production

TclBuilder Stage-1/Stage-2 P-Delta static path (Tcl engine only).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - PD1/ sha256 (pending publish)
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STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS SM5

SM5 - MODAL-FRAME

Bathe & Wilson eigenvalue problem —
ten-bay nine-storey plane frame [ pass |

Custom sparse eigensolver verified on the canonical large-frame eigenvalue benchmark error +0.00050% - tol 0.5%

TECHNICAL FEATURES TESTED

Eigenvalue (modal) analysis

297-DOF ten-bay nine-storey frame

PROBLEM DESCRI

Custom sparse solver — scipy eigsh ElasticTimoshenkoBeam frame element
First three eigenvalues w? Shear-rigid - reference discretisation
PTION

The Bathe & Wilson eigenvalue problem (1972) is the classical large

multi-degree-of-freedom frame for dynamic eigenvalue extraction, adopted
verbatim as CSI SAP2000 Verification Example 1-021 (and by
SeismoStruct, Tekla, OpenBrIM). A ten-bay, nine-storey fixed-base plane

frame — all members identical, one element per member — is solved and

its first three eigenvalues w2 compared to the published values, exercising

STRIX's custom sparse eigensolver (scipy eigsh) on a large frame. The

reference is shear-rigid, so the production ElasticTimoshenkoBeam shear

term is made rigid via the section shear-area modifier; the frame is laid in-

plane with out-of-plane DOF restrained, giving exactly the reference’s three

DOF per node. It is solved at the reference’s own one-element-per-member

discretisation.

¢1 (1st sway)

/

A A A A A4

10 bays @ 6096 mm - 9 storeys @ 3048 mm

Figure SM5. Ten-bay nine-storey fixed-base plane frame (5x5 shown) — the first lateral sway mode @, whose eigenvalue w? is
compared to Bathe & Wilson.

3 GEOMETRY, PROPERTIES & LOADING

GEOMETRY
Bays

Storeys

Bay width
Storey height

31

10
9
6096 mm
3048 mm

MEMBER & MATERIAL DYNAMICS

A
|
Shear

20684 MPa Mass/length 0.143641 N-s2/mm2

278709 mm?2 Mass model Lumped nodal
8.631x10° mm* DOF/node 3 (Ux, Uy, Rz)
Rigid (bending+axial) Solver Sparse eigsh

records/SM5.json - engine v1.0.2 (opensees.pyd)



SM5 STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS

) REFERENCE SOLUTION

Eigenvalue w? — mode 1 (1st lateral sway): (K - w2M):¢ = @ = 0.589541
rad?/s?

Eigenvalue w? — mode 2 (2nd lateral sway): (K - w?M)-¢

(] 5.52695 rad?/s?
(] 16.5878 rad?/s?

K.-J. Bathe & E. L. Wilson, "Large Eigenvalue Problems in Dynamic Analysis," ASCE J. Eng. Mech. Div. 98(EM6), 1972 (with an
independent solution by Peterson, 1981). The canonical multi-DOF frame eigenvalue benchmark, reproduced as CSI SAP2000
Verification Example 1-021, SeismoStruct Verification Ex.10, Tekla Structural Designer and OpenBrIM Frame21. A ten-bay, nine-storey
fixed-base 2-D frame; all members identical, one finite element per member, consistent mass from the line mass, shear-rigid (bending
+ axial only). The published reference values are the first three eigenvalues w? (rad?/s?.

Eigenvalue w? — mode 3 (3rd lateral sway): (K - w?M)-¢

3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Eigenvalue w? (rad?/s%) Mode 1 (lateral sway, mx=82%) 0.589538 0.589541 -0.00050%  PASS
Eigenvalue w? (rad?/s%) Mode 2 (lateral sway, mx=10%) 5.526926 5.52695 -0.00040% PASS
Eigenvalue w? (rad?/s?) Mode 3 (lateral sway, mx=4%) 16.587774 16.5878 -0.00020% PASS

MESH SENSITIVITY

The published eigenvalues are those of the Bathe-Wilson model at its

defining discretisation — one element per member. STRIX reproduces
02

ELEMS/MEMBER (RAD2/52) DIFF that model and matches all three eigenvalues to ( under @.001%  — the
same order of agreement SAP2000 itself reports for this example. This table
1/ member 0.589538 -0.00050% is therefore a mesh-sensitivity study, not a convergence to the reference:
refining each member (2, 4 elements) moves the lumped-mass eigenvalues
2 / member 0.589859 +0.054%

toward the continuum, bounding the discretisation effect to under ~1.4%

4 / member 0.589814 +0.0463% (largest on the third mode; the fundamental shown here stays within a
twentieth of a percent). The §6 comparison is taken at the reference’s own
discretisation.

B3 coNcLuSION

STRIX reproduces the first three eigenvalues of the canonical Bathe & Wilson ten-bay nine-storey frame to
better than 0.001% — matching the published values as closely as SAP2000 does on the same example. The

m custom sparse eigensolver (scipy eigsh) and the frame modal assembly are verified on a large multi-DOF
eigenproblem, the foundation of the response-spectrum (RSA) pipeline. The de-Zhu rigid-diaphragm
condensation, which reduces to the identity for this unconstrained frame, is verified separately with a
diaphragm-constrained companion study.

EE) REFERENCES & ANALYSIS FILES

1. K.-J. Bathe & E. L. Wilson, “Large Eigenvalue Problems in Dynamic Analysis,” ASCE J. Eng. Mech. Div. 98(EM6), 1972; independent
solution by Peterson (1981).

2. CSI SAP2000 Software Verification, Example 1-021 — Bathe and Wilson eigenvalue problem (modal analysis, line mass on frame
objects); same model reproduced by SeismoStruct Ex.10, Tekla Structural Designer, OpenBrIM Frame21.

3. STRIX headless harness: buildEigenPy - opensees.pyd (scipy eigsh) - modal_props.txt; ElasticTimoshenkoBeam, shear
made rigid, reference one-element-per-member discretisation.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SM5/ sha256 (pending publish)
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STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS SM5B

SM5b - MODAL-CONDENSATION
Rigid-diaphragm eigenvalue
condensation — eccentric multi-
storey building

de-Zhu rigid-diaphragm T-matrix condensation verified against an independent reduced- m

system reference error +0.00010% - tol 0.05%

TECHNICAL FEATURES TESTED
Eigenvalue (modal) analysis Custom de-Zhu T-matrix condensation Rigid floor diaphragms (Ux,Uy,Rz)

Translation—torsion coupling (eccentric) Independent numpy reduced-system reference Dense eigh vs sparse eigsh

PROBLEM DESCRIPTION

SM5 verified STRIX's sparse eigensolver on a bare frame, where the de-Zhu
rigid-diaphragm condensation reduces to the identity. SM5b exercises
the condensation itself. In an eccentric multi-storey building — four
corner columns of equal area but distinct second moment of area — every
floor is a rigid diaphragm: STRIX condenses each floor's column-top nodes
to one master with three DOF (Ux, Uy, Rz) through its de-Zhu T-matrix
(K_red = TTKT). The stiffness eccentricity offsets the centre of rigidity from
the centre of mass, coupling translation and torsion so the diaphragm
lever-arm rows (u = U - dy-0) are genuinely exercised. The reference is
the same reduced eigenproblem assembled independently in numpy
and solved with the dense scipy.linalg.eigh — a different solver from
STRIX's sparse eigsh.

Plan — stiffness eccentricity (e size « I)
e rigid diaphragm ‘

Ux,Uy,Rz » 1 master
ﬁ ‘ e = CR—CM"—> Ux-Uy-Rz

5 storeys @ 3000 mm - fixed base

\A
=
Y
v

Figure SM5b. Eccentric multi-storey building — rigid floor diaphragms (elevation) and the plan stiffness eccentricity (e size « I) that
offsets CR from CM and couples the Ux-Uy-Rz response.

33 records/SM5b.json - engine v1.0.2 (opensees.pyd)



SM5B

STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS

3 GEOMETRY, PROPERTIES & LOADING

MEMBERS & ECCENTRICITY

DYNAMICS & CONDENSATION

GEOMETRY

Storeys 5 E
Columns 4 A (all cols)
Plan 8000 x 5000 mm | base
Storey height 3000 mm | x

B2 REFERENCE SOLUTION

0 =

B3 RESULTS COMPARISON

30000 MPa Diaphragm Rigid (per
90000 mm? floor)
DOF/floor 3 (Ux, Uy, Rz)

6.75%x10% mm4

1.0 /1.6 / 2.3/
3.1

Reduced DOF

Solver

15

eigsh vs eigh

Eigenvalue w? — mode 1 (Ux-Uy-Rz coupled): (K_red - w?M_red)-¢ =
2070.117026 rad?/s?

Independent reference: the SAME reduced eigenproblem assembled from first principles as a 3Nx3N rigid-diaphragm shear building —
per-column lateral springs k = 12El/L> at their plan lever arms, per-column torsion GJ/L, and lumped floor masses reduced about a
reference point (M_00 = Sm-r?, M_U® = -Sm-ay, M_VO = +3m-ax) — solved with the DENSE generalised eigensolver scipy.linalg.eigh,
a different solver and a separate implementation from STRIX's sparse eigsh. The rigid-diaphragm kinematics (u = U — dy-G, v = V +
dx-0) follow the standard treatment (A. K. Chopra, Dynamics of Structures — rigid diaphragms with stiffness eccentricity). Since STRIX's
condensed system and the numpy reference are the same discrete reduced eigenproblem, agreement is expected across all modes to
near machine precision — isolating and verifying the de-Zhu condensation that SM5 left at the identity.

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Eigenvalue w? (rad?/s%) Mode 1 (mx29 my18 rmz42) 2070.118745 2070.117026 +0.00010%  PASS
Eigenvalue w? (rad?/s%) Mode 2 (mx35 my54 rmz0) 2667.421537 2667.419862 +0.00010% PASS
Eigenvalue w? (rad?/s?) Mode 3 (mx25 my16 rmz47) 3339.652722 3339.650222 +0.00010% PASS
Eigenvalue w? (rad?/s%) Mode 4 (mx3 my2 rmz4) 17435.07556 17435.063931 +0.00010% PASS
Eigenvalue w? (rad?/s?%) Mode 5 (mx3 my5 rmz0) 22465.717858 22465.70375 +0.00010% PASS
Eigenvalue w? (rad?/s%) Mode 6 (mx2 my2 rmz5) 28127.420504 28127.402663 +0.00010% PASS
CONDENSATION ACROSS SIZES
BUTLDING 02 DIFF The columns are single elements, so STRIX's condensed system and the
(RADZ/S2) . .
numpy reference are the same discrete reduced eigenproblem —
3 storeys 5666. 603016 0. 00010% agreement is expected across all modes to near machine precision, and §6
(9 DOF) : +o. ° confirms it ({ worst 0.0001% & over the six lowest modes). This table instead
5 <t sweeps the storey count (3, 5, 7 — reduced DOF 9, 15, 21) and compares
Sroreys 2070.118745 +0.00010% the fundamental eigenvalue w2 of STRIX's de-Zhu reduction to the
(15 DOF) 9
independent numpy reduction, showing the condensation reproduces the
Zzitggi))ls 1060.451838 +0.00010% reference across building sizes. The tiny residual is the finite shear-rigid

records/SM5b.json -

factor (the numpy reference is pure Euler).

engine v1.0.2 (opensees.pyd)
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STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS SM5B

B3 concLusION

STRIX's de-Zhu rigid-diaphragm T-matrix condensation reproduces an independent numpy reduced-
system reference (dense scipy.linalg.eigh) to better than 0.0002% across the six lowest modes of an

m eccentric, translation-torsion-coupled building, and across storey counts from 3 to 7. This closes §1.1's
custom eigenvalue path: SM5 verified the sparse eigensolver on an unconstrained frame (T = identity), and
SM5b verifies the constraint condensation that real buildings trigger — together the two establish the modal
foundation of the response-spectrum (RSA) pipeline.

) REFERENCES & ANALYSIS FILES

1. A. K. Chopra, Dynamics of Structures: Theory and Applications to Earthquake Engineering — one-storey and multistorey systems with
rigid floor diaphragms and stiffness eccentricity (translation-torsion coupling).

2. Rigid-diaphragm kinematic condensation (master/slave transformationu = U - dy-0,v = V + dx-0); STRIX de-Zhu sparse T-matrix
reduction K_red = T'KT,M_red = TTMT solved by scipy eigsh.

3. STRIX headless harness: buildEigenPy - opensees.pyd (de-Zhu T-matrix + eigsh); independent reference
reference_reduced.py (3Nx3N shear building, dense scipy.linalg.eigh).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SM5b/ sha256 (pending publish)
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SMé STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS

SM6 - MODAL-3D

ASME eigenvalue frame — 3-D fixed-

base pipe frame with lumped joint

masses

full 3-D coupled modal analysis of the ASME pipe frame (CSI 1-023) verified against an

independent 42-DOF reference

error +0.0014% - tol 0.05%

B3 TECHNICAL FEATURES TESTED

Eigenvalue (modal) analysis Fully 3-D coupled modes (6 DOF/node) Explicit lumped joint masses

Tubular pipe sections (Timoshenko) Independent numpy 42-DOF reference

EE) PROBLEM DESCRIPTION

SM5 verified STRIX's eigensolver on a 2-D plane frame and SM5b on a
rigid-diaphragm reduced system (three DOF per floor). SM6 exercises the
fully three-dimensional path: the classical ASME 1972 Problem No. 1
(CSI 1-023) — a one-story, one-bay-each-way fixed-base frame of 2" steel
pipe segments carrying lumped cube masses at 14 joints (3 x 14 = 42
dynamic DOF). It couples all six DOF per node, uses explicit nodal masses
injected through STRIX's production Loads-to-Masses path (Fz = m-g,
direction XYZ — mx=my=mz), and tubular pipe sections whose shear
deformation is retained (Avy=Avz=0.9A). Because CSI's published
“independent” column is Guyan-reduced (+3%), the primary check is
against an independent numpy 42-DOF 3-D Timoshenko frame (dense
scipy.linalg.eigh); the published SAP2000 full-DOF frequencies are
carried as a secondary physical bracket.

2" steel pipe frame - 2.75" cube masses at 4 corners

z

KY - 14 mas&.}gints x 3

Xxed base (4 columns)

= 42 DOF

Classical ASME 1972 benchmark

Figure SM6. The ASME one-bay-each-way 3-D pipe frame — 2" steel-pipe members with 2.75" cube masses at the four top corners,
mid-column and top-beam intermediate joints, and a fully fixed base (14 free mass joints — 42 dynamic DOF).

records/SM6.json - engine v1.0.2 (opensees.pyd)
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23 GEOMETRY, PROPERTIES & LOADING

GEOMETRY SECTION & MATERIAL MASSES & SOLVER

Plan 27.25 x 17.25 Pipe 2" nom ((2.375, Corner mass 0.02536 1b-s2/in
in t0.154)  Othermass  ©.008942 lb-s2/in

Height 18.625 in E 2.79x107 psi Injection Loads-to-Masses

Joints / members 18 / 18 pipe v 0.3 XYZ

Dynamic DOF 42 (14 x 3) Shear area 0.9A (Timoshenko) Solver eigsh vs dense

eigh

) REFERENCE SOLUTION

Eigenvalue w2 — mode 1: (K - w2M)-¢ = @ = 506331.91595 rad?/s?
(%] 553810.51317 rad?/s?

0 771530.32303 rad?/s?

©0 = 1.9049x10° rad?/s?

Independent reference: the SAME 42-DOF (six per node) 3-D frame assembled from first principles with the identical pipe Timoshenko
element (local 12x 12 with shear parameter @ = 12EI/GAsL? Avy=Avz=0.9A, torsion GJ/L, axial EA/L, rotated to global) and the
identical eps=Te-8 rotational-mass floor, then solved with the DENSE generalised eigensolver scipy.linalg.eigh — a separate
implementation and a different solver from STRIX's OpenSees FE assembly + sparse eigsh. Agreement to machine precision across all
24 modes verifies the eigensolver on a fully 3-D coupled structure with explicit nodal masses. The classical benchmark is Problem No. 1
of the ASME 1972 Program Verification & Qualification Library (CSI SAP2000 Verification Example 1-023); its published 'independent’
column (Peterson 1981 / DeSalvo & Swanson 1977) is Guyan-reduced 42—24 DOF and so differs from the full solution by up to +3%
— hence it is used only as a secondary physical bracket, not the primary target.

Eigenvalue w? — mode 2: (K - w2M)-¢

Eigenvalue w? — mode 3: (K - w2M)-¢

Eigenvalue w? — mode 4: (K - w2M)-¢

B3 RESULTS COMPARISON

37

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF  VERDICT
Eigenvalue w? (rad?/s%) Mode 1 (mx95 my0 rmz0) 506338.834586 506331.91595 +0.0014% PASS
Eigenvalue w? (rad®/s?) Mode 2 (mx0 my95 rmz0) 553804.352432 553810.51317 -0.0011% PASS
Eigenvalue w? (rad?/s?) Mode 3 (mx0 my0 rmz0) 771531.028587 771530.32303 +0.00010% PASS
Eigenvalue w? (rad?/s?) Mode 4 (mx0 my0 rmz0) 1.9049x106 1.9049x108 +0.00060% PASS
Eigenvalue w? (rad?/s?) Mode 5 (mx0 my0 rmz0) 6.6926x10° 6.6925x10° +0.00030% PASS
Eigenvalue w? (rad?/s%) Mode 6 (mx0 my0 rmz0) 7.4352x10¢ 7.4352x10¢ +0.00020%  PASS
Eigenvalue w? (rad?/s?) Mode 7 (mx0 my0 rmz0) 8.5056x10¢ 8.5056x10¢ +0.00020%  PASS
Eigenvalue w? (rad?/s%) Mode 8 (mx0 my0 rmz0) 1.2767x107 1.2767x107 +0.00020%  PASS
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PUBLISHED BRACKET (SAP2000 FULL-DOF)

MODE

Mode 1 — 113.3
Hz vs 112 Hz

Mode 2 — 118.4
Hz vs 117 Hz

Mode 3 — 139.8
Hz vs 138 Hz

Mode 4 — 219.7
Hz vs 218 Hz

Mode 8 — 568.7
Hz vs 561 Hz

Mode

12 -

Hz vs 914

Mode
1014

16 —
.5 Hz

980 Hz

Mode
1068
1032

Mode
1270
1229

20 —
.8 Hz
Hz

24 —
.8 Hz
Hz

931.6

Hz

Vs

Vs

Vs

STRIX F

(HZ)

113.25

118.44

139.8

219.66

568.68

931.62

1014.53

1068.77

1270.81

3 concLusION

DIFF

+1.12%

+1.23%

+1.3%

+0.76%

+1.37%

+1.93%

+3.52%

+3.56%

+3.4%

Not a mesh convergence — each pipe segment is a single element and
STRIX's assembled system equals the numpy reference discretely (" worst
0.0014% over all 24 modes | in §6). This table is the secondary physical
bracket: STRIX frequencies against the published SAP2000 full-DOF
values (ASME 1-023). The fundamental sway modes 1-4 reproduce the
published values to ~1%; higher modes drift to a few % — the expected
residual from the pipe shear-area convention (STRIX 0.9A vs SAP thin-tube
k) and the Guyan reduction in the classical reference. This confirms the
geometry/E/mass reconstruction is faithful to the ASME frame.

STRIX reproduces an independent numpy full-42-DOF 3-D Timoshenko frame reference (dense
scipy.linalg.eigh) to better than 0.002% across all 24 modes of the fully 3-D, coupled ASME pipe
frame, and reproduces the published SAP2000 full-DOF frequencies to ~1% on the fundamental sway
modes. Where SM5 (2-D frame) and SM5b (rigid-diaphragm reduction) verified the eigensolver on planar
and condensed systems, SM6 verifies it on a fully three-dimensional structure with explicit joint masses

and tubular sections — extending the modal foundation of the response-spectrum pipeline to general 3-D
buildings.

3 REFERENCES & ANALYSIS FILES

1. ASME 1972, Program Verification and Qualification Library, Problem No. 1 (three-dimensional pipe frame, lumped joint masses).
Independent solutions: Peterson 1981; DeSalvo & Swanson 1977 (Guyan-reduced 42—24 DOF).

2. CSI, SAP2000 Software Verification, Analysis Example 1-023 — Frame: ASME Eigenvalue Problem (full-DOF SAP2000 frequencies used

here as the secondary physical bracket).

3. STRIX headless harness: buildEigenPy (Loads-to-Masses XYZ joint masses) - opensees.pyd (ElasticTimoshenkoBeam +

scipy eigsh); independent reference reference_frame3d.py (42-DOF 3-D Timoshenko frame, dense scipy.linalg.eigh).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SM6/ sha256 (pending publish)
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SR1 - RESPONSE-SPECTRUM-FRAME

Response-spectrum analysis of a two-
dimensional rigid frame

Full response-spectrum pipeline verified on the canonical two-dimensional rigid-frame m

benchmark error +0.219% - tol 1%

Z3 TECHNICAL FEATURES TESTED
Response-spectrum analysis (RSA) Modal + spectrum + SRSS / €QC ElasticTimoshenkoBeam frame element
Per-mode inertia-force solve + force recovery Periods - displacements - bending moments

Bending-only - concentrated mass - 5% damping

PROBLEM DESCRIPTION

The response-spectrum analysis of a two-dimensional rigid frame is the
classical textbook RSA benchmark, adopted as CSI SAP2000 Verification
Example 1-020 with the independent solution from Chopra, Dynamics of
Structures (1995), Example 13.11. A single-bay, two-story fixed-base
plane frame carries concentrated floor masses (2m, m) and is excited by a
5%-damped response spectrum in the horizontal direction. It exercises
the entire STRIX RSA path: the modal solve, a per-mode inertia-force
static analysis with element force recovery, spectral scaling, and the SRSS
and €CQC modal combinations. Following the reference, only bending
deformations are retained (axial and shear made rigid via the section
stiffness modifiers) and the mass acts in X only; the concentrated masses
enter through the production Loads-to-Masses path. The reference is
reproduced directly at its own 8-element discretisation.

EI response spectrum - X
PN : p ‘ p
:
: 1
EI D !
! 7
; 7
2EI ; 7
= —
; 7
. 1
: /
2EI E /
 J
4
4
/ /

1 bay @ 240 in - 2 storeys @ 120 in - masses X only

Figure SR1. Single-bay two-story rigid frame — concentrated masses 2m, m at the beam mid-spans, excited by a 5%-damped
response spectrum in X; the first sway mode drives the response.
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3 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MEMBER & MASS
Bays 1 E

Storeys 2 | (base)

Bay width 240 in Deformation

Storey height 120 in Mass

EE) REFERENCE SOLUTION

2m, m (X only)

Period — mode 1: (K - w2M)-¢ = 0, T = 2n/w
Displacement Ux — joint 3 (roof): u = V(Z (F_m-Sa_m/w_m2-¢_m)2) = 18.81 in
Moment — story-1 column base (jt 1): M = V(X M_m?2)

LOADING & DYNAMICS

= 12624 kip-in

3000 ksi Excitation Response spectrum
1000 in® Damping 5%
Bending only Combination SRSS - CQC
Active DOF Ux, Uz, Ry

= 1.562 s

CSI SAP2000 Software Verification, Example 1-020 (Response-Spectrum Analysis of a Two-Dimensional Rigid Frame); independent
solution = Chopra, "Dynamics of Structures" (1995), Ex. 13.11, p.521. A single-bay, two-story fixed-base plane frame under a 5%-
damped response spectrum, bending deformations only (shear/axial ignored), mass excited in X only. Reference values (Chopra) are the
two periods, the SRSS lateral displacements, and the SRSS column/beam bending moments.

E3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Period — mode 1 (s) SRSS - s 1.56213 1.562 +0.0080% PASS
Period — mode 2 (s) SRSS - s 0.58681 0.5868 +0.0020% PASS
Displacement Ux — joint 2 (floor 1) (in) SRSS -in 7.579 7.566 +0.165% PASS
Displacement Ux — joint 3 (roof) (in) SRSS - in 18.844 18.81 +0.183% PASS
Moment — story-1 column base (jt 1) (kip-in) SRSS - kip-in 12640 12624 +0.126% PASS
Moment — story-2 column base (jt 2) (kip-in) SRSS - kip+in 6025 6024 +0.016% PASS
Moment — floor-1 beam at column (jt 2) (kip-in) SRSS - kip-in 9813 9792 +0.219% PASS
Moment — roof beam at column (jt 3) (kip-in) SRSS - kip-in 5224 5220 +0.079% PASS

MODAL COMBINATION

The reference (Chopra) uses the SRSS modal combination; §6 compares

STRIX's SRSS response to it. This table runs STRIX's independent CQC
METHOD ROOF UX (IN) DIFF combination (Der Kiureghian) on the same per-mode responses and
reports the governing roof displacement under each method. The two
modes are well separated (T.1/T. = 2.66), so CQC and SRSS agree closely

SRSS 18.844 +0.183%

CcQcC 18.83 +0.108% and both land { within tolerance  of the same independent reference —
verifying both combination paths, not only the one the reference happens
to use.
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B3 concLusION

STRIX reproduces the periods, SRSS displacements and column/beam bending moments of the canonical
CSI 1-020 / Chopra 13.11 frame to better than a quarter of a percent — as closely as SAP2000 does. This

m verifies the complete STRIX response-spectrum pipeline: the modal solve, the per-mode inertia-force
analysis with element force recovery, the spectral scaling, and both the SRSS and CQC modal combinations
— the core of STRIX's seismic-analysis capability.

B} REFERENCES & ANALYSIS FILES

1. CSI SAP2000 Software Verification, Example 1-020 — Response-Spectrum Analysis of a Two-Dimensional Rigid Frame.
2. A. K. Chopra, Dynamics of Structures, Ex. 13.11, p.521 (Prentice Hall, 1995) — independent solution.
3. E. L. Wilson, A. Der Kiureghian & E. P. Bayo, EESD 9(2), 1981 — CQC modal-combination rule. STRIX harness: buildRsaPy -

opensees.pyd -» rsa_modal.bin.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SR1/ sha256 (pending publish)
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SR2 - RESPONSE-SPECTRUM-3D-FRAME

Response-spectrum analysis of a three-
dimensional eccentric rigid-diaphragm
frame

Full 3-D response-spectrum pipeline verified on an eccentric rigid-diaphragm frame with four m

combination rules error +0.069% - tol 1%

B3 TECHNICAL FEATURES TESTED
3-D response-spectrum analysis (RSA) Rigid floor diaphragms (Ux, Uy, Rz) Eccentric mass — translation—torsion coupling

SRSS - CQC - ABS - NRC-10% Per-mode inertia-force solve + force recovery Bending + axial - 4% damping

EE) PROBLEM DESCRIPTION

SR1 verified the response-spectrum pipeline on a planar frame; SR2 takes it
to three dimensions with rigid floor diaphragms and a plan mass
eccentricity, the configuration real buildings present. Adopted as CSI
SAP2000 Verification Example 1-024 with the independent solution from
Peterson (1981), a two-story, two-bay-by-two-bay fixed-base moment
frame carries its story mass at an eccentric centre of mass (offset from the
geometric centre), and is excited by a constant 0.4 g response spectrum
in X with 4% damping. The eccentricity couples translation and torsion, so
the roof response depends on the full 3-D rigid-diaphragm condensation
and the modal-combination rule. It exercises the entire 3-D seismic path:
the rigid-diaphragm modal solve (four finite modes from a rank-deficient
reduced mass — no rotational inertia, matching the reference), the per-
mode inertia-force static analysis under the diaphragm constraint,
spectral scaling, and all four combination rules (SRSS, CQC, ABS, NRC-
10%). Following the reference, bending and axial deformations are
retained and shear is made rigid; the mass acts in X and Y through the
production Loads-to-Masses path. The reference is reproduced directly at
its own discretisation.

rigid floor diaphragm Plan — mass eccentricity
x, Uy, Rz » 1 master / storey

-@
.
@

. A

Sa(X): K J E
—?> '+: ~ L]
f GC C
TS — S — o

e = CM - GC » Ux-Uy-Rz coupled
2 storeys @ 13 ft - 2x2 bays (35 / 25 ft) - fixed base

Figure SR2. Two-storey 2x2-bay moment frame with rigid floor diaphragms (isometric) and the plan mass eccentricity (right) that
offsets CM from the geometric centre, coupling the Ux-Uy—Rz response under a 0.4 g spectrum in X.
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23 GEOMETRY, PROPERTIES & LOADING

SR2

GEOMETRY MEMBERS & MASS LOADING & DYNAMICS
Bays (X x Y) 2 x 2 E col / beam 350000 / 500000 Excitation 0.4 g spectrum
Storeys 2 ksf (X
1.25 ft# i 4 %
Bay X/ Y 35 7 25 ¢ < Damping
. Deformation Bending + axial Diaphragm Rigid (per
Storey height 13 ft storey)

) REFERENCE SOLUTION

3 RESULTS COMPARISON

RESPONSE QUANTITY
Period — mode 1 (s)
Period — mode 2 (s)
Period — mode 3 (s)
Period — mode 4 (s)
Roof CM Ux — SRSS (ft)
Roof CM Ux — CQC (ft)
Roof CM Ux — ABS (ft)

Roof CM Ux — NRC 10% (ft)

MODAL COMBINATION

METHOD ROOF CM UX (FT)
SRSS 0.02011
CQC 0.02013
ABS 0.02049
NRC 10% 0.02015

43

Mass

Period — mode 1: (K - w2M)-¢ = 0, T = 2n/w
Roof CM Ux — SRSS: u = V(2 (F_m-Sa_m/w_m2?-¢_m)?2)
Roof CM Ux — NRC 10%: u = V(I un? + 2 XZ_{|Af|/f < 10%} |ui-uj])

PROBE

eigen - s

eigen -s

eigen - s

eigen - s

SRSS - ft

CQC-ft

ABS - ft

NRC10 - ft

DIFF

-0.05%
-0.029%
-0.045%

-0.069%

Eccentric CM (X,
Y)

= 0.2271 s
= 0.02012 ft

STRIX REFERENCE
0.22705 0.2271
0.21561 0.2156
0.07334 0.0733

0.072 0.072
0.02011 0.02012
0.02013 0.02014
0.02049 0.0205
0.02015 0.02016

Combination

SRSS-CQC-ABS-NRC

= 0.02016 ft

CSI SAP2000 Software Verification, Example 1-024 (Response-Spectrum Analysis of a Three-Dimensional Moment Frame), independent
solution = Peterson (1981), reproduced exactly by SAP2000. A two-story, two-bay-by-two-bay fixed-base 3-D moment frame with a
plan eccentricity between the geometric centre (35, 25 ft) and the centre of mass (38, 27 ft), excited by a constant 0.4 g response
spectrum in the X direction with 4% modal damping. Bending and axial deformations are retained; shear is ignored (shear area 0).
Story mass acts in X and Y only (no rotational mass inertia), giving four natural modes. Reference values (Peterson) are the four modal
periods and the roof centre-of-mass X-displacement under four modal-combination rules (SRSS, CQC, ABS, NRC-10%).

DIFF VERDICT

-0.021% PASS
+0.0060% PASS
+0.058% PASS
+0.0020% PASS
-0.05% PASS
-0.029% PASS
-0.045% PASS
-0.069% PASS

The reference publishes the roof centre-of-mass displacement under four

modal-combination rules, and STRIX reproduces each: SRSS and CQC
through the production RsaCalculator (Der Kiureghian CQC), and ABS
(absolute sum) and NRC-10% (U.S. NRC Regulatory Guide 1.92 ten-percent
method) combined from the same per-mode responses. The four rules
span a narrow band (SRSS ©.02012 - ABS 0.02050 ft) because the
fundamental X mode dominates the eccentric torsional contributions; all

four land ( within tolerance

of the independent reference — verifying

the complete combination surface, not only the rule the reference happens

to favour.
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3 concLusION

STRIX reproduces the four modal periods and the roof centre-of-mass displacement under all four
combination rules of the CSI 1-024 / Peterson 1981 eccentric 3-D frame to better than a tenth of a
percent. This verifies the full three-dimensional response-spectrum pipeline that real buildings trigger: the
rigid-diaphragm modal condensation, the per-mode inertia-force analysis under the diaphragm constraint,

m spectral scaling, and the SRSS, CQC, ABS and NRC-10% combinations. Together with SR1 (planar RSA) and
SM5/SM5b (the modal and diaphragm-condensation foundation), it closes the core of STRIX's seismic-
analysis capability. The diaphragm static solve uses the Transformation constraint handler — the correction
this benchmark’s own de-risk spike surfaced, having caught the earlier Penalty handler overstating the
eccentric roof displacement by ~6%.

EE) REFERENCES & ANALYSIS FILES

1. CSI SAP2000 Software Verification, Example 1-024 — Response-Spectrum Analysis of a Three-Dimensional Moment Frame.

2. F. E. Peterson (1981) — independent response-spectrum solution reproduced exactly by SAP2000.

3. U.S. Nuclear Regulatory Commission, Regulatory Guide 1.92, Rev. 1 — modal-combination rules (grouping / ten-percent methods). E. L.

Wilson, A. Der Kiureghian & E. P. Bayo, EESD 9(2), 1981 — CQC rule. STRIX harness: buildRsaPy - opensees.pyd (de-Zhu T-

matrix + Transformation) - rsa_modal.bin.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SR2/ sha256 (pending publish)
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SR2b - RESPONSE-SPECTRUM-3D-BRACED-FRAME

Response-spectrum analysis of a three-
dimensional L-shaped braced frame

Brace + rotational-mass + tabulated-spectrum RSA verified on an L-shaped three-dimensional m

braced frame error +0.108% - tol 1.5%

B3 TECHNICAL FEATURES TESTED
3-D response-spectrum analysis (RSA) Braces / axial-only members (linear Truss) Rigid floor diaphragms (Ux, Uy, Rz)
Rotational mass (MMI) — offset-mass condensation Tabulated El-Centro spectrum - 5% damping

CQC - SRSS - ABS - axial-force recovery

PROBLEM DESCRIPTION

SR2 verified the 3-D response-spectrum pipeline on a moment frame; SR2b
takes it onto the brace surface and adds rotational mass. Adopted as CSI
SAP2000 Verification Example 1-025 with the independent solution from
Peterson (1981), a three-story, L-shaped building is framed by four
identical two-bay X-braced frames whose columns and diagonals carry
axial force only — every member is emitted as a linear element Truss.
All mass is concentrated at a centre-of-mass joint per level with X and Y
translational mass and a rotational mass moment of inertia (MMI) about
Z; the plan is L-shaped, so the CM is offset from the centre of rigidity and
the response is translation—torsion coupled. The excitation is the El-
Centro-derived tabulated response spectrum in X with 5% damping,
combined by €CQC, SRSS and ABS; only the first two modes drive the RSA.
The production mass path injects translational mass only, so the MMl is
reproduced physically by four offset translational masses on the
diaphragm — the de-Zhu T-matrix mass condensation (M_red = TTMT)
turns them into the exact Z rotational inertia, with no production-code
change. The reference is reproduced directly at its own discretisation (84
truss members, 3 concentrated story masses).

Braced frame — one of four

F2
F3
Sa(X)
> .CM
F4 q
[
—_— 2 bays @ 20 ft - 3 storeys @ 12 ft - axial-c

F1
L-plan - MassX,Y + MMI at CM - rigid diaphragm/storey
Figure SR2b. L-shaped plan with the four axial-only braced frames and the eccentric centre of mass carrying MassX, MassY and MMI

(left), and the elevation of one two-bay X-braced frame with pinned, axial-only members (right). Frame-1 elements 1 (column), 4 and
6 (diagonals) are the axial-force comparison points.
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3 GEOMETRY, PROPERTIES & LOADING

GEOMETRY MEMBERS & MASS LOADING & DYNAMICS

Braced frames 4 E 29500 ksi Excitation El-Centro
Bays / frame 2 Area 6 in2 spectrum (X)
Storeys 3 Members Axial-only (Truss) Damping > %
Bay / storey 20 / 12 ft Mass MassX,Y + MMI at CM Modes used 2

Combination CQC - SRSS - ABS

B2 REFERENCE SOLUTION

Frequency — mode 1: (K - w3M)-¢ = 9, f = w/2n = 3.0592 Hz
Roof CM Ux — CQC: u = V(Z; %5 pij-uUi-U;), p = Der Kiureghian = 1.0329 in
Axial elm 1 — CQC: N = V(Z: X5 pis-Ni-Nj) = 279.48 kip

CSI SAP2000 Software Verification, Example 1-025 (Response-Spectrum Analysis of a Three-Dimensional Braced Frame); independent
solution = Peterson (1981), reproduced exactly (0 %) by SAP2000. A three-story, L-shaped building framed by four identical two-bay,
three-story X-braced planar frames whose columns and diagonals carry axial force only (all pinned). The frames are tied by a rigid
floor diaphragm at each level. All mass is concentrated at a centre-of-mass joint per level with X and Y translational mass (1.24224
kip-s%/in) and a rotational mass moment of inertia about Z (174,907.4 kip-in-s?), giving nine dynamic DOF; for consistency with
Peterson only the first two modes drive the RSA. The excitation is the El-Centro-derived 5%-damped response spectrum applied in X,
combined by CQC, SRSS and ABS. Reference values are the two modal frequencies, the roof centre-of-mass (joint 51) X/Y displacement
and Z rotation, and the axial forces in three Frame-1 elements (a column and two diagonals) under each combination rule.
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3 RESULTS COMPARISON

RESPONSE QUANTITY

Frequency — mode 1 (Hz)

Frequency — mode 2 (Hz)

Roof CM Ux — CQC (in)

Roof CM Ux — SRSS (in)

Roof CM Ux — ABS (in)

Roof CM Uy — CQC (in)

Roof CM Uy — SRSS (in)

Roof CM Uy — ABS (in)

Roof CM Rz — CQC (rad)

Roof CM Rz — SRSS (rad)

Roof CM Rz — ABS (rad)

Axial elm 1 — CQC (kip)

Axial elm 1 — SRSS (kip)

Axial elm 1 — ABS (kip)

Axial elm 4 — CQC (kip)

Axial elm 4 — SRSS (kip)

Axial elm 4 — ABS (kip)

Axial elm 6 — CQC (kip)

Axial elm 6 — SRSS (kip)

Axial elm 6 — ABS (kip)

PROBE

eigen - Hz

eigen - Hz

CQC-in

SRSS - in

ABS - in

CQC-in

SRSS - in

ABS - in

CQC - rad

SRSS - rad

ABS - rad

cQc - kip

SRSS - kip

ABS - kip

cQc - kip

SRSS - kip

ABS - kip

CQC - kip

SRSS - kip

ABS - kip

MODAL COMBINATION

47

METHOD ROOF CM UX (IN)
cQc 1.03241
SRSS 0.736835
ABS 1.04181

DIFF

-0.048%

-0.05%

-0.047%

STRIX

3.05908

3.11867

1.03241

0.736835

1.04181

0.141363

0.736835

1.04181

2.5173x10-4

2.5173x10-4

2.5173x10~4

279.348

200.455

281.862

194.409

139.505

196.159

120.464

86.4431

121.548

The reference publishes the roof centre-of-mass displacement under three

REFERENCE

3.0592

3.1188

1.0329

0.7372

1.0423

0.1414

0.7372

1.0423

2.52x10"4

2.52x10°4

2.52x10-4

279.48

200.55

281.99

194.5

139.57

196.25

120.52

86.48

121.61

DIFF

-0.0040%

-0.0040%

-0.048%

-0.05%

-0.047%

-0.026%

-0.05%

-0.047%

-0.108%

-0.108%

-0.108%

-0.047%

-0.047%

-0.045%

-0.047%

-0.047%

-0.046%

-0.046%

-0.043%

-0.051%

VERDICT

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

PASS

modal-combination rules, and STRIX reproduces each: CQC and SRSS
through the production RsaCalculator (Der Kiureghian CQC), and ABS
(absolute sum) from the same per-mode responses. Because the two

modes are closely spaced (frequencies within 2 %), CQC (1.0329 in) far

exceeds SRSS (0.7372 in) — the cross-correlation adds the modes nearly
in phase in X — while ABS (1.0423 1in) is the upper bound. All three land

within tolerance ' of the independent reference, verifying that STRIX
handles closely-spaced modes correctly (the very case that motivates CQC).

records/SR2b.json -
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SR2B STRIX SOFTWARE VERIFICATION MANUAL — ANALYSIS BENCHMARKS

B3 concLusION

STRIX reproduces the two modal frequencies, the roof centre-of-mass X/Y/Rz response, and three
member axial forces of the CSI 1-025 / Peterson 1981 L-shaped braced frame under all three
combination rules to better than a quarter of a percent across twenty independent quantities. Beyond

m SR2 (moment frame), this verifies three new surfaces at once: the brace / axial-only member in the modal
and RSA path (linear Truss), a rotational mass moment of inertia reproduced through the de-Zhu
diaphragm mass condensation (offset translational masses — exact Rz inertia), and a tabulated spectrum
with closely-spaced modes. Together with SR1, SR2 and SM5/SM5b/SM6 it completes STRIX's response-
spectrum verification across planar, eccentric-moment-frame and braced 3-D configurations.

KB REFERENCES & ANALYSIS FILES

1. CSI SAP2000 Software Verification, Example 1-025 — Response-Spectrum Analysis of a Three-Dimensional Braced Frame.
2. F. E. Peterson (1981) — independent response-spectrum solution reproduced exactly by SAP2000.

3. E. L. Wilson, A. Der Kiureghian & E. P. Bayo, EESD 9(2), 1981 — CQC rule. STRIX harness: buildRsaPy - opensees.pyd (de-Zhu T-
matrix, M_red = T'MT + Transformation) - rsa_modal.bin; MMI via four offset translational masses on the rigid diaphragm.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SR2b/ sha256 (pending publish)
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STRIX SOFTWARE VERIFICATION MANUAL — STABILIZATION STUDIES P3S2

P3S2 - STABILIZATION-SENSITIVITY

Custom stabilization parameter

sensitivity (wall modal periods) [ pass |

Artificial stabilizers proven orthogonal to physical response — largest custom-element risk error +0.19% - tol ©.5%

TECHNICAL FEATURES TESTED
ASDShellQ4DCR custom stabilizers —drillingStab (in-plane drilling) -rotFloor (out-of-plane rotation)

Two-order-of-magnitude parameter sweep Modal period invariance (eigenvalue) Mass-participation mode-matching

PROBLEM DESCRIPTION

The custom shell ASDShe11Q4DCR adds two artificial rotational stiffnesses
that are absent from standard OpenSees: -drillingStab floors the in-
plane drilling rotation and -rotFloor floors the out-of-plane rotations, so
that otherwise weakly-restrained rotational DOFs do not form spurious
zero-energy modes. A valid stabilizer must remove those mechanisms
without adding real stiffness. This study re-solves the modal periods of a
wall-dominant model while sweeping each stabilizer over two orders of
magnitude about its production value, on the released engine, changing
nothing but the two literals. If the mass-dominant periods stay put, the
artificial stiffness is shown to be orthogonal to physical response.

=1 rotFloor K

le3 » 1e5

4 | . (x100)
drilling 6]z

—] drillingStab
le-3 » le-1

(x100)

T unchanged?

S S S S S

out-of-plane 6_x, 6_y (rotFloor)

Figure P3-S2. Cantilever shear wall — the two artificial rotational stabilizers are swept x100 each while the physical modal periods
are monitored.
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P3S2

3 GEOMETRY, PROPERTIES & LOADING

MODEL

Wall W x H 3000 x 9000 mm
Thickness t 200 mm
Stories 3
Mesh 3 columns x 6 rows

(2 elements/story)

EE) REFERENCE SOLUTION

B3 RESULTS COMPARISON

RESPONSE QUANTITY

Membrane - mode 1 (X 68%) (s)

Membrane - mode 3 (X 6%) governing

(s)

Plate - mode 1 (Y 66%) (s)

Plate - mode 4 (X 68%) governing (s)

PARAMETER SENSITIVITY

-

SWEEP CASE (FUNDAMENTAL)
(s)

Membrane -

rotFloor 0.050529

x100

Membrane -

drillingStab 0.050529

x100

Plate -

rotFloor 0.714754

x100

Plate -

drillingStab 0.714754

x100

records/P3S2.json - engine v1.0.2 (opensees.pyd)

STRIX SOFTWARE VERIFICATION MANUAL — STABILIZATION STUDIES

MATERIAL

Model
E

\Y%

Y

PROBE

worst: drillingStab Te-

1

worst: drillingStab Te-

1

SWEEP
Concrete - elastic rotFloor K le3, 3e3, 1le4,
30000 MPa 3ed, 1le5
0.2 drillingStab le-3, 3e-3, le-2,
: 3e-2, le-1

-5 3

2.4x167* N/mm Baseline K 10000
Analysis Eigenvalue (modal)

Max dominant-mode period change under stabilizer sweep: max |T(theta) -
T_base| / T_base over dominant modes (participation-matched), theta in
{rotFloor 1e3..1e5, drillingStab 1le-3..l1le-1} = 0.5 % (max, acceptance)
Internal V&V acceptance criterion. The custom artificial stabilizers (-drillingStab, -rotFloor) exist only to remove spurious zero-energy

rotational modes; a valid stabilization must leave physical response invariant. Acceptance: the mass-dominant modal periods change
by less than the tolerance as each stabilizer is swept over two orders of magnitude about its production value.

STRIX REFERENCE DIFF VERDICT

0.050509 0.050529 +0.0394% PASS

0.00468 0.004689 +0.19% PASS

worst: rotFloor 1e5 0.714623 0.714754 +0.0183% PASS

worst: drillingStab Te-

1

DIFF

+0.000079%

+0.0394%

+0.0183%

+9.8e-9%

0.050509 0.050529 +0.0394% PASS

The fundamental mass-dominant period of each configuration is
tracked as the stabilizers are swept. Across the full x100 range of both
parameters the period is ( essentially unchanged : -rotFloor
moves the dominant periods by well under a hundredth of a percent
even in the full-shell configuration where it is dynamically coupled,
and -drillingStab, which legitimately participates in the in-plane
membrane formulation, stays within a fraction of the tolerance.
Judgment is on the mass-dominant modes, matched across variants
by participation signature so that mode-swap of closely-spaced minor
modes cannot masquerade as sensitivity.
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STRIX SOFTWARE VERIFICATION MANUAL — STABILIZATION STUDIES P3S2

B3 concLusION

Sweeping each artificial stabilizer over two orders of magnitude leaves every mass-dominant modal period
within tolerance — the largest single change is well under 0.5%. The custom stabilizers remove the spurious

m rotational mechanisms without perturbing physical response, so results computed with the production
stabilization are not an artefact of the chosen stabilizer values. The foremost certification risk of the custom
shell is thereby retired.

B} REFERENCES & ANALYSIS FILES

1. NAFEMS — The Standard NAFEMS Benchmarks (Linear Elastic Tests) (companion element verification: LE1 membrane, SB2).
2. STRIX headless harness: buildEigenPy - python.exe - modal_props.txt, stabilization literals text-substituted per sweep point.

3. Internal V&V acceptance: dominant modal periods invariant (<0.5%) under x 100 stabilizer sweep.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - P3S2/ sha256 (pending publish)
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SP1 STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

SP1 - NONLINEAR-PUSHOVER

Pushover cantilever moment hinge
(CSI 1-026, moment-hinge scope) [ pass |

Production Pushover pipeline — cantilever moment hinge vs CSI 1-026 (moment-hinge scope) error +0.00017% - tol 1%

TECHNICAL FEATURES TESTED
Production buildPushoverTcl — arc-length/DisplacementControl hybrid driver, unmodified
FEMA lumped-hinge assembly: zeroLength(I)—elasticBeamColumn(body)-zeroLength(3J)
Hinge backbone = REAL convertFemaToModIMK output (csi —10%Ke clamp)
Self-consistency check at every recorded step (not exact-P-target crossings)

Also exercises the base_react.out equalDOF-companion fix (devplan §12.8)
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STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

PROBLEM DESCRIPTION

CSI SAP2000 Software Verification Example 1-026 tests a cantilever with a
moment hinge at the fixed end, pushed at the free tip until the hinge yields,
hardens to a capping moment, and drops toward a residual plateau. STRIX
has no discrete shear hinge (shear is a separate force-controlled check, not
part of the pushover hinge itself — devplan §12.7), so this benchmark
covers the moment-hinge backbone only, reusing CSI's published
My/Mc/Mr/6¢ values directly. The model is a 90° axis relabeling of CSI's

horizontal cantilever (STRIX's Pushover lateral pattern is inherently
horizontal, and the FEMA lumped-hinge branch requires a geometrically
vertical element) — a vertical “column” fixed at the base and pushed
horizontally at the free tip, with a moment hinge at the base only (the tip
hinge never sees moment for a tip-loaded cantilever, so its own backbone
is inert). Because the production arc-length driver's step landings are
adaptive and cannot be forced onto an exact target load, the check is self-
consistency: at every recorded step, statics gives the base moment exactly
(M=PxL, independent of any model), the production hinge backbone gives
the theoretical hinge rotation for that moment, and the resulting theoretical
tip deflection is compared against what STRIX actually recorded.

P > Uz (control)

Mc

Mr

My

SP1

. M
free tip (control nOdi Moment hinge backbone

base hinge (My)

theta
thetaC

Figure SP1. Vertical cantilever column with a moment hinge at the base, pushed horizontally at the free tip (control node); inset
shows the moment-hinge backbone (My—Mc hardening—Mr residual) reused verbatim from CSI 1-026.

m GEOMETRY, PROPERTIES & LOADING

GEOMETRY MOMENT HINGE BACKBONE
Length L 24 in My 1440 kip-in
Section b1l2 x di18 in Mc 1920 kip-in
(rect) 480 kip-in
i 5832 in4
Inertia | thetaC 0.04 rad
Orientation vertical (90°
relabel)

MATERIAL & ANALYSIS

E 3600 ksi
theta¥ 0.0025 rad
(registered)

Backbone clamp csi (-10%Ke)
Engine Tcl

(OpenSees.exe)

53 records/SP1.json - engine v1.0.2 (tcl)



SP1 STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

) REFERENCE SOLUTION

Tip Uz at Pointl (P=My/L, elastic boundary): P*L~3/(3*EImod) +
L*theta_hinge(M=My) = 0.071972 in

Tip Uz at Point2 (P=Mc/L, hardening peak): P*L~3/(3*EImod) +
L*theta_hinge(M=Mc) = 0.975962 in

Uz self-consistency across ALL recorded pre-peak (ascending) steps: worst |Uz_recorded -
Uz_theory(P_recorded)| / Uz_theory over every step up to and including the peak = 0 %

CSI SAP2000 Software Verification Example 1-026 ‘Frame — Moment and Shear Hinges' (PDF confirmed, devplan §12.7) — moment-
hinge backbone (My/Mc/Mr/thetaC) taken verbatim from CSl's published figure. The independent target values below are NOT CSl's
own published 'Independent' column (those include a GAv shear term and a 0.4in shear-hinge plastic term with no STRIX counterpart
— STRIX has no discrete shear hinge). Re-derived from scratch by sp1Theory()/sp1UzRyAt() using the SAME unit-load method (Cook &
Young 1985 p.244, as CS| itself cites) minus the shear terms, with the elastic term using STRIX's actual body stiffness El_mod=
(11/10)xEl (TclBuilder.ts N_FAC=10 series-stiffness correction, RC-column FEMA lumped-hinge branch) and the hinge rotation taken
from the REAL production convertFemaToModIMK() clamp output (csi mode, -10%Ke), not assumed.

B3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT

Tip Uz at Point1 (P=My/L, elastic

stepO.ctriDis 5 5 -0.0000071% PASS
boundary) (mm) P P
Base hinge rotation at Point1 (rad) step0.hingeRotl 0.00768 0.00768 +0.000053% PASS
Tip Uz at Point2 (P=Mc/L, hardening step4.ctriDisp 24.9983  24.998257 +0.00017%  PASS
peak) (mm)
Base hinge rotation at Point2 (= .

. 0.040353 0.040353 -0.000051%

thetaC) (rad) step4.hingeRotl PASS
Uz self-consistency across ALL tof 5
recorded pre-peak (ascending) steps \SAL:;SS © -7.6916x10"4 0 -0.00077% PASS

(%)

SELF-CONSISTENCY (NO MESH SWEEP — SINGLE ELEMENT)

SP1 uses a single, non-refinable element (the production FEMA lumped-
hinge assembly is always one elasticBeamColumn body between two
hinge springs, regardless of mesh) — there is no convergence sweep.
Instead, every recorded pre-peak step is an independent self-consistency
check against the production hinge backbone; the worst deviation across
all of them is [ under @.001% , i.e. near machine precision. Point1 (elastic

CHECK WORST DIFE boundary) and Point2 (hardening peak) both land on this clean, monotonic
IDIFF| (%) branch. Point3 (post-drop residual) is reported separately in the evidence
single archive as a diagnostic, not gated here — de-risking found that the
element production arc-length driver does not cleanly trace the post-peak snap-
(production -7.69x10~* -0.00077% through for this problem: every individual equilibrium solve reports
S:E\ti;gth success, yet the driver's fixed-radius calibration (a hardcoded 5 mm step) is

coarse relative to the hardening-to-residual transition, and the base shear
oscillates non-monotonically for a few steps before the divergence guard
stops the run. CSI's own conclusion for this exact problem notes that such
steep hinge drops "should be avoided whenever possible" and that its own
coarse-mesh model deviates 29-41% from the idealized hand calculation
— an extreme snap-through is a known hard case industry-wide, not
unique to this driver.

records/SP1.json : engine v1.0.2 (tcl) 54



STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS SP1

B3 concLusION

STRIX reproduces the production hinge backbone’'s theoretical response to under 0.001% across every
recorded pre-peak step (Point1 elastic boundary and Point2 hardening peak both pass at a 1% tolerance).
The moment-hinge assembly, the —10%Ke slope-limit clamp, and the underlying base-reaction recorder

m (fixed as part of this benchmark—devplan §12.8) are verified against the production code path directly.
Point3 (post-drop residual) is scoped out of the pass/fail gate: the production arc-length driver does not
cleanly trace this problem'’s snap-through, a genuine driver limitation documented as a diagnostic finding
rather than forced into a misleading tight-tolerance pass.

B3 REFERENCES & ANALYSIS FILES

1. CSI — SAP2000 Software Verification, Example 1-026: Frame — Moment and Shear Hinges (moment-hinge backbone reused verbatim;
shear hinge out of scope — STRIX has no discrete shear hinge).

2. Cook, R. D. & Young, W. C. — unit-load method (cited by CSI 1-026's own hand calculation), Advanced Mechanics of Materials, p.244.

3. OpenSees — zerolLength (rotational hinge spring), Hysteretic uniaxial material, elasticBeamColumn; STRIX production
buildPushoverTcl (arc-length/DisplacementControl hybrid, FEMA lumped-hinge assembly, convertFemaToModIMK csi backbone

clamp).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SP1/ sha256 (pending publish)
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SH1 STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

SH1 - NONLINEAR-HINGE

DcrPMMHinge3d custom P-M-M
column hinge — element-mechanics

defense
DCR-original P-M-M column hinge (plugin) — element mechanics vs published FEMA- m
356/ASCE-41 backbone + Fritsch-Carlson PCHIP error 0.00% - tol 0.01%

TECHNICAL FEATURES TESTED
DcrPMMHinge3d — DCR self-authored OpenSees plugin (no third-party example exists)
Isolated single-hinge rig (same strategy as the plugin’s own regression gates)
Uniaxial FEMA-356/ASCE-41 4-branch backbone — exact per-branch algebra Elastic unload/reload secant
Biaxial Bresler-type capacity-envelope projection (DCR's own §5.9 algorithm)

N-dependent capacity via independently re-implemented Fritsch-Carlson PCHIP
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STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

PROBLEM DESCRIPTION

DcrPMMHinge3d is a zero-length, 6-DOF P-M-M column hinge that DCR
authored and compiled as an OpenSees runtime plugin — there is no
CSI/NAFEMS published example to compare against (unlike SP1), and the
element has no bare-static-load-case production path either (it only
appears inside the Pushover/THA RC-column FEMA lumped-hinge n-
method assembly, which drags in a full structure and an arc-length driver
— exactly the global-response complexity that made SP1 hard). SH1
instead isolates the ELEMENT ITSELF: two coincident nodes, one hinge,
driven directly by DisplacementControl / prescribed-displacement ramps —
the same isolation strategy the plugin author’'s own regression gates use
(gate_p1.tcl/gate_p2.tcl) — and compares it against closed-form
expectations re-derived from scratch in this benchmark, never by reading
the plugin’s C++ source. Honesty split (devplan §12.5/812.11
precedent): quantities A/B/D verify the element against a published
physical model — the standard FEMA-356/ASCE-41 four-branch
generalized backbone (elastic=hardening—post-capping
softening—residual) and the Fritsch & Carlson (1980) monotone-cubic
interpolation algorithm — independently re-coded, not copied. Quantities
C (biaxial Bresler projection) instead verify the implementation against
DCR’s own §5.9 design specification (independent per-direction backbones
+ closed-form radial capacity projection) — the interaction surface FORM is
a published power-law/Bresler-type envelope, but this specific combination
algorithm has no external authority to validate against, since no other
software runs this code.

theta_z / theta_y (DigplacementCo

node 2 (dri

.' crPMMHinge3 .
/77

node 1 (fixed)

SH1

Bresler capacity envelope

(Mg, fy)-B- (Mz.
ntro sp)

My / Myu

Mz / Mzu

Figure SH1. Isolated two-node DcrPMMHinge3d rig (node 1 fixed, node 2 driven directly) — the same single-hinge isolation
strategy as the plugin author’s own regression gates; inset shows the biaxial Bresler-type capacity-envelope projection (independent
per-direction moments radially scaled onto the interaction surface).
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SH1

STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

3 GEOMETRY, PROPERTIES & LOADING

RIG / ELASTIC TERMS

UNIAXIAL BACKBONE (A/B/C)

BIAXIAL & N-PCHIP (C/D)

Axial Kax 1x107 N/mm Mzu = Myu 1x10% N-mm Bresler exponent 1.5
Rotational 1x101° N-mm/rad thetaP 0.02 rad «
kO thetaPC 0.04 rad Biaxial k ratios 1:1 and 3:1
(Krz=Kry) Re/ Rr 1.25 / @.20  PCHIP table 4 N-levels,
Topology 2 coincident nodes, Mzu(N)
1 hinge Engine Tcl
Drive DisplacementControl (OpenSees.exe,
/ sp plugin)

) REFERENCE SOLUTION

Uniaxial backbone, cap boundary (kappa=thetaP): Rc*Mu = 1.25x10% N-mm

Elastic unload from mid-hardening (thetal->theta2, Delta_theta=-0.005 rad): ke*(theta2-
thetaP_committed), thetaP_committed=thetal-M1/k@ = 6.25x107 N-mm

Biaxial Bresler projection, symmetric ratio (kappaZ=kappaY=0.010): beta*Mhz,
beta=min(1,1/Phi), Phi=(|Mhz/Ccapz]|~a+|Mhy/Ccapy|~a)~(1/a) = 7.0871x107 N-mm

N-dependent cap via PCHIP, N=-1.5e6 N (interior query, table N=[-2e6,-1€6,0,1e6]):
Rc*pchip(Mzu_table, N) = 9.125x107 N-mm

No third-party published example exists for this DCR-original element (unlike SP1/CSI 1-026) — devplan §12.11 honesty split: (a) the
uniaxial FEMA-356/ASCE-41 4-branch backbone (elastic/hardening/post-capping softening/residual) and (b) the Fritsch & Carlson
(7980, SIAM J. Numer. Anal. 17(2):238-246) monotone-cubic capacity interpolation are PUBLISHED external models — re-derived from
scratch in benchmarks/nonlinear/SH1_pmmHingeBackbone.ts, never by reading DcrPMMHinge3d.cpp. (c) The biaxial Bresler-type
capacity-envelope projection (independent per-direction backbones + closed-form radial scale-back beta=min(1,1/Phi)) is DCR's own
§5.9 design choice — the interaction SURFACE FORM (normalized power-law) is standard/published, but this specific combination
algorithm has no external authority to validate against; quantities C_* verify the implementation is self-consistent with DCR's own
stated specification, not that the specification itself reproduces a third-party benchmark.

B3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Uniaxial backbone, mid-hardening

! 1.125x108 1.125x108 0.00%
(kappa=0.5*thetaP) (N-mm) ATMz * * PASS
Uniaxial backbone, cap boundary A2.Mz 1.25x10° 1.25x10°®  0.00%  PASS
(kappa=thetaP) (N-mm)
Uniaxial backbone, mid-softening A3.Mz 7.25x107 7.25x107 0.00% PASS
(kappa=thetaP+0.5*thetaPC) (N-mm)
Uniaxial backbone, residual plateau Ad Mz %107 %107 0.00% PASS
(kappa=thetaP+thetaPC+0.02) (N-mm)
Elastic unload from mid-hardening (thetal- B_post Mz 6.25x107 6.25x107 0.00% PASS
>theta2, Delta_theta=-0.005 rad) (N-mm)
Biaxial Bresler projection, symmetric ratio .

. 7.0871x107 7.0871x107 0.00% PA
(kappaZ=kappa¥Y=0.010) (N-mm) C_symmetric.Mz 53
Biaxial Bresler projection, symmetric ratio — C_symmetricMy 7.0871x107 7.0871x107 0.00% PASS
My (N-mm) -
Biaxial Bresler projection, asymmetric ratio c tric M 7.4308x107 7.4808x107 0.00% PASS
(kappaz=0.015, kappaY=0.005) (N-mm) -asymmetric.viz ) ’ U
Biaxial Bresler nrojection, asymmetric ratio c ‘M 6.6933x107 6.6933x107 0.00%
asymmetric. . X . X .00% PASS
recoMy (SHDIMY)son - engine v1.08.2 (tcl) -asy y 58
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STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS SH1

PER-FAMILY WORST DIFF (NO MESH SWEEP — SINGLE SYNTHETIC HINGE)

WORST
TEST FAMILY |DIFF| DIFF
(%)
A — uniaxial FEMA
backbone (4 %] 0.00%
branches)
B — elastic o
unload/reload 6 0.00%
C — biaxial
Bresler o
projection (2 e 0.00%
ratios)
D — N-dependent
PCHIP capacity (2 0 0.00%

queries)

B3 concLusiON

SH1 drives a single, non-refinable zero-length element (a bare hinge has no
mesh to converge) — each row instead summarizes the worst deviation
across that family’s checkpoints. A (uniaxial backbone) exercises all four
branches in one continuous monotonic push; B checks the elastic unload
secant from a plastic state; C checks the biaxial Bresler projection at two
load ratios; D checks the N-dependent capacity at two interior PCHIP query
points on a 4-level table (the plugin author's own gate_p2.tcl explicitly flags
PCHIP as untested in Tcl — its 2-level table degenerates PCHIP to linear
interpolation; SH1's 4-level table has genuine curvature at both queries). All
four families land at ( machine precision | (worst diff on the order of 1e-
10%), because the closed form is not an approximation of the production
algorithm here — on a piecewise-linear-in-kappa backbone the plastic-
multiplier root is unique, so the independently re-derived algebra IS the
same root the production cutting-plane Newton solve converges to.

DcrPMMHinge3d reproduces the published FEMA-356/ASCE-41 backbone (all four branches, plus elastic
unload/reload) and an independently re-implemented Fritsch-Carlson PCHIP capacity interpolation to
machine precision. The biaxial Bresler-type capacity projection (DCR’s own §5.9 algorithm) is verified self-
consistent with its design specification at two load ratios — this defends the implementation against

m transcription/algorithm bugs, though (per the honesty split above) no external authority validates the
projection scheme itself, since DcrPMMHinge3d has no counterpart in any other software. Excluded from this
benchmark’s scope: the Haselton/FEMA regression pipeline that derives the -pmm table from a real RC
section (TclBuilder.ts buildDcrPmmTable) — a separate "is the table right" question from "does the element
correctly integrate a given table" (this benchmark’s question) — and the consistent tangent (already covered
by the plugin’s own internal FD cross-check, gate_p4_fdtangent.tcl).

REFERENCES & ANALYSIS FILES
1.

FEMA 356 / ASCE 41-13 — generalized force-deformation backbone for deformation-controlled actions (4-branch:

elastic—hardening—post-capping softening—residual plateau).

. Fritsch, F.N. & Carlson, R.E. (1980) — Monotone Piecewise Cubic Interpolation, SIAM Journal on Numerical Analysis 17(2):238-246

(PCHIP tangent formula, independently re-implemented in sh1PchipTangents/sh1PchipEval).

. Bresler, B. (1960) — reciprocal-load biaxial bending interaction (normalized power-law interaction surface form; the specific

decoupled-backbone + radial-projection combination algorithm is DCR’s own §5.9 design, not from Bresler).

opensees_plugins/DcrPMMHinge3d/ — DcrPMMHinge3d.cpp (element under test), gate_p1.tcl/gate_p2.tcl (plugin author’s own

regression gates, isolation-rig pattern reused here), dcr_pmm_plugin_element_devplan.md.

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - SH1/ sha256 (pending publish)
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TH1 - DYNAMIC-SDOF

SDOF anchor for THA time
integration (Newmark average-
acceleration, dt convergence)

Production THA (Newmark) pipeline — §1 SDOF anchor vs independent closed form + §2 m

MDOF modal-vs-Rayleigh self-consistency error -0.0016% - tol 0.01%

TECHNICAL FEATURES TESTED
Production integrator Newmark 0.5 0.25 + Path -dt -prependZero ground motion
§1: independent closed-form SDOF recurrence (undetermined coefficients), cross-checked vs RK4 pre-run
§1: O(dt?) convergence order measured directly, not assumed
§2: SM5 Bathe-Wilson 9-storey frame reused verbatim (production writeNodes/writeElements/computeNodeMassMap)

§2: Rayleigh a0/a1 calibrated LIVE from this model's own eigen output, not reused

records/TH1.json - engine v1.0.2 (tcl) 60



STRIX SOFTWARE VERIFICATION MANUAL — NONLINEAR BENCHMARKS

PROBLEM DESCRIPTION

THA (time-history analysis) has no third-party published example in STRIX's
scope the way CSI 1-020/1-026 served the RSA/Pushover benchmarks —
CSI 1-022's ground-motion record was never digitized (devplan §12.12,
explicit user decision), and a full nonlinear-hinge THA is already covered by
SH1 (element mechanics) + SP1 (pushover driver). TH1 instead isolates and
checks the ONE thing SH1/SP1 do not: the time-integration scheme itself,
in two complementary stages. §1 (SDOF anchor) drives a single isolated
spring-mass (same isolation strategy as SH1's bare-hinge rig) with a
resonant sine pulse through STRIX's production Newmark integrator, and
compares it — at six halvings of dt — against a closed-form solution re-
derived from scratch (undetermined coefficients on the piecewise-linear-
interpolated forcing OpenSees’s own Path -dt assumes) and cross-
validated against an independent RK4 integrator BEFORE any OpenSees run
(SH1 lesson: hand-derivation alone is not trustworthy — devplan §12.11/
§12.13). §2 (MDOF self-convergence) then exercises a REAL multi-mode
structure — SM5's already-validated Bathe & Wilson frame — and checks
that STRIX's two independent production damping formulations,
modalDampingQ and Rayleigh rayleigh a@ al @ 0, agree with each other
when both are calibrated to the same 3% ratio at the structure’'s own two
dominant frequencies (calibrated live from this run’s own eigen call, not
reused from SM5's approximate shear-rigid eigenvalues — devplan §12.14).
No external reference exists for a full MDOF THA, so §2 is graded as
bounded self-consistency (gap must shrink and floor out with dt, target
<0.5% at the finest dt), one notch looser than §1's convergence-to-truth
proof.

§1 SDOF anchor

k, <(Q)

7T

/\/}

ig(t) = a@-sin(wn t), resonant (B=1)

Newmark ©.5/0.25, dt sweep - 0(dt?)

roof Ux (probe)

.
mo
(1i
VA

TH1

§2 MDOF self-convergence

alDampingQ
3%

Vs

raieigh a0/al

eigen, 3%)

Bathe-Wilson frame (SM5 reused) — ug(t)=a@-(sinwlt+sinw2t)/

Figure TH1. Left (§1): isolated SDOF spring-mass-damper driven by a resonant ground pulse, dt-swept against an independent
closed form. Right (§2): SM5's Bathe-Wilson frame, roof Ux compared between modalDampingQ and live-calibrated Rayleigh

damping
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B3 GEOMETRY, PROPERTIES & LOADING

§1 SDOF RIG

Period T 1s
Mass m 1 N-s2/mm
Stiffness k 39.4784176044

N/mm

zeta configs 0% (undamped), 5%

§2 MDOF RIG

Model SM5 Bathe-Wilson
(reused)
numModes 9 (production
formula)
Damping ratio 3% modal AND
Rayleigh

live eigen (Tcl
expr)

Rayleigh calib.

ANALYSIS & ENGINE

Integrator Newmark
0.5/0.25

Ground motion Path -dt -
prependZero

dt sweep (81 / 6 / 5 halvings

§2)

Engine Tcl
(OpenSees.exe)

B2} REFERENCE SOLUTION

Peak relative displacement, zeta=5%, dt=0.003125s (finest): max|u(t)]|, SDOF
recurrence for piecewise-linear-interpolated forcing (undetermined
coefficients), zeta=5% = 200.786209 mm

Peak relative displacement, zeta=0% (undamped), dt=0.003125s (finest): max|u(t)|, SDOF
recurrence for piecewise-linear-interpolated forcing (undetermined coefficients),
zeta=0% = 397.874575 mm

MDOF §2 — peak roof Ux |modal-rayleigh| relative diff %, dt=0.0125s (finest): |peakModal
- peakRayleigh| / max(|peakModal|, |peakRayleigh|) * 100, both formulations calibrated to
3% at this model's own two dominant eigenfrequencies (mirrored from mdof.quantities
below for §5/§6 rendering — see mdof block for the full MDOF model description) =0 %

Reference is NOT transcribed from any external table — it is the exact solution of the damped SDOF equation of motion (i +
2*zeta*omega*u + omega®*u = -iig(t)) for the SAME piecewise-linear-interpolated ground-motion samples OpenSees's ‘Path -dt’
assumes, re-derived from scratch via undetermined coefficients (free-vibration term + forced response to a linear-in-tau interval force,
zero IC) in benchmarks/dynamic/TH1_sdofAnchor.ts. De-risked (SHT lesson, devplan §12.71, 'hand-derivation isn't trustworthy alone’)
two ways BEFORE any OpenSees run: (1) an internal algebraic identity (d/dtauf[unit-ramp response] == unit-step response, a basic LT/
fact not assumed anywhere in the derivation) falls out exactly; (2) internal/TH1_closedform_selfcheck.ts cross-validates the closed form
against an independent fixed-fine-substep RK4 integrator (completely different numerical method, shares no formula) to ~Te-11%
before the Tcl runner was ever written. Because both STRIX and the closed form consume the identical discretized (piecewise-linear)
excitation, any difference between them is pure Newmark time-integration error — which the average-acceleration method
(unconditionally stable, 2nd-order accurate) must shrink as O(dt? as dt -> 0.

E3 RESULTS COMPARISON

RESPONSE QUANTITY PROBE STRIX REFERENCE DIFF VERDICT
Peak relative displacement, zeta=5% zeta=0.05
' ' ' 200.783 200.786209 -0.0016% PASS
dt=0.003125s (finest) (mm) dt=0.003125
Peak relative displacement, zeta=0%
(undamped), dt=0.003125s (finest) zeta=0, dt=0.003125 397.855 397.874575 -0.0049% PASS
(mm)
MDOF §2 — peak roof Ux [modal- modal vs rayleigh
i i iff 9 = ' 2.59%x10-4 0 +0.00026%
ra'ylelgh| relative diff %, dt=0.0125s d4t=0.0125 (finest) x PASS
(finest) (%)
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TH1

§1 DT CONVERGENCE (VS CLOSED FORM) + §2 DT SELF-CONSISTENCY (MODAL VS

RAYLEIGH)

CASE

zeta=0,
dt=0.1

zeta=0,
dt=0.05

zeta=0,
dt=0.025

zeta=o0,
dt=0.0125

zeta=0,
dt=0.00625

zeta=0,
dt=0.003125

zeta=0.05,
dt=0.1

zeta=0.05,
dt=0.05

zeta=0.05,
dt=0.025

zeta=0.05,
dt=0.0125

zeta=0.05,
dt=0.00625

zeta=0.05,
dt=0.003125

mdof dt=0.2

mdof dt=e.1

mdof
dt=0.05

mdof
dt=0.025

mdof
dt=0.0125

63

PEAK DIFF

(%)

43.187416

11.607101

2.940882

0.737392

0.184478

0.046134

35.080208

9.001611

2.277185

0.571352

0.142848

0.035736

0.00513

0.009305

0.007897

0.002715

2.5852x10-4

+43.

+11.

+2.

+0.

+0.

+0.

+35.

+9.

+2.

+0.

+0.

+0.

+0.

+0.

+0.

+0.

DIFF

1874%

6071%

9409%

7374%

1845%

0461%

0802%

0016%

2772%

5714%

1428%

0357%

0051%

0093%

0079%

0027%

+0.00026%

§1 (zeta=0/5%, first 12 rows): as dt halves six times (T/10 — T/320), the
peak-displacement error against the independent closed form shrinks by
almost exactly 4x each step — a measured convergence order of | 2.e0e
at the finest dt pairs for both damping ratios, textbook confirmation of
the average-acceleration Newmark method’s theoretical O(dt?) accuracy.
The finest-dt error itself is a few thousandths of a percent, orders of
magnitude inside the 0.01% gate. §2 (last 5 rows, "mdof dt=..."): because
modalDampingQ and Rayleigh are two genuinely different numerical
formulations (not one exact answer vs an approximation), their gap does
not vanish to zero — it shrinks with dt and floors out at a small residual
from the few off-resonance modes (3-9) each scheme treats slightly
differently. At the finest swept dt (0.0125s) the gap is | @.00026% |, about
1,900 inside the 0.5% self-consistency gate. (Note: the MDOF excitation
amplitude a0 was reduced 10x from the value first used in devplan §12.14
purely for report-card readability — the model is linear-elastic, so this
rescales the roof peak displacement proportionally without moving the
gating diff% at all, which is a pure ratio of two amplitudes.)
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3 concLusION

STRIX's production Newmark time-integrator reproduces an independently re-derived (and RK4-cross-
checked) SDOF closed form to a few thousandths of a percent at the finest dt, with the theoretically expected
O(dt?) convergence order measured directly across six dt halvings and two damping ratios (81, PASS). On a
real multi-mode structure, the production modal and Rayleigh damping formulations agree to 0.00026% at
the finest dt — about 1,900x inside their self-consistency gate — confirming both damping paths, the live

m eigen-based Rayleigh calibration, and the reused production node/element/mass emission functions are all
internally consistent (§2, PASS). Together with SH1 (custom P-M-M hinge element mechanics) and SP1
(Pushover driver vs CSI 1-026), TH1 completes STRIX's nonlinear verification track: SH1—SP1—-TH1 now each
defend a distinct layer — element, static nonlinear driver, and dynamic time-integration — of the same
nonlinear analysis pipeline.

B} REFERENCES & ANALYSIS FILES

1. Newmark, N. M. (1959) — A Method of Computation for Structural Dynamics, ASCE Journal of the Engineering Mechanics Division 85(3)
(average-acceleration method, y=0.5, B=0.25, unconditionally stable, O(dt?) accurate — the closed-form comparison target for §1's
convergence order).

2. Chopra, A. K. — Dynamics of Structures (SDOF piecewise-linear-interpolated-excitation recurrence form, re-derived independently in
benchmarks/dynamic/TH1_sdofAnchor.ts, not transcribed from any table).

3. SMS5 (devplan §12.1, refsolutions/SM5.json) — Bathe & Wilson ten-bay nine-storey frame, buildBatheWilsonModel, reused verbatim
for §2 (already validated <0.001% against published eigenvalues).

4. OpenSees — integrator Newmark, modalDampingQ, rayleigh, timeSeries Path -dt -prependZero, UniformExcitation; STRIX
production buildThaTcl (TclBuilder.ts, integration/damping/ground-motion wiring reused conceptually, not the full recovery-ladder
pipeline — see benchmarks/dynamic/TH1_sdofAnchor.ts and TH1_mdofSelfConvergence.ts file headers).

EVIDENCE ARCHIVE verif-evidence-engl.0.2-win-x64.zip - TH1/ sha256 (pending publish)
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